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r❛♠❡t❡rs✱ s✉❝❤ ❛s✱ ❡✳❣✳✱ t❤❡ ♣❛r❛♠❡t❡r✐③❡❞ ❢♦r♠✉❧❛ (p0∧
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❉❡❝✐❞❛❜✐❧✐t② ❛♥❞ ✉♥❞❡❝✐❞❛❜✐❧✐t② r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ♣r♦♣♦s❡❞ ❧❛♥✲
❣✉❛❣❡ ✭❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❛r✐t❤♠❡t✐❝ ❡①♣r❡ss✐♦♥s t❤❛t ♦❝❝✉r ✐♥ t❤❡ ❢♦r✲
♠✉❧æ✮ ❛♥❞ ♣r♦♦❢ ♣r♦❝❡❞✉r❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈✐s❡❞ t♦ t❡st t❤❡ ✈❛❧✐❞✐t② ♦❢ s❝❤❡♠❛t❛
♦❢ ❢♦r♠✉❧æ✳ ❚❤❡s❡ ♣r♦❝❡❞✉r❡s ✉s❡ t❤❡ ✉s✉❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ r✉❧❡s ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧
❧♦❣✐❝✱ t♦❣❡t❤❡r ✇✐t❤ r✉❧❡s ♣❡r❢♦r♠✐♥❣ ❛ ❧❛③② ✐♥st❛♥t✐❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞
❧♦♦♣ ❞❡t❡❝t✐♦♥ t❡❝❤♥✐q✉❡s ❡♥❝♦❞✐♥❣ ❛ ❧✐♠✐t❡❞ ❢♦r♠ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥✳
■♥ ❬✺❪✱ t❤❡s❡ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ s♦♠❡ t❤❡♦r✐❡s ❜❡②♦♥❞ ♣r♦♣♦s✐t✐♦♥❛❧
❧♦❣✐❝✱ ✐♥❝❧✉❞✐♥❣ ✐♥ ♣❛rt✐❝✉❧❛r ❛ ❢r❛❣♠❡♥t ♦❢ Pr❡s❜✉r❣❡r ❛r✐t❤♠❡t✐❝✳ ■♥ t❤❡ ♣r❡s❡♥t
♣❛♣❡r✱ ✇❡ ❝♦♥s✐❞❡r s❝❤❡♠❛t❛ ♦❢ ❢♦r♠✉❧æ ✐♥t❡r♣r❡t❡❞ ♦✈❡r t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s✱
t❤❛t ♣❧❛②s ❛ ❝❡♥tr❛❧ r♦❧❡ ✐♥ ♣r♦❣r❛♠ ✈❡r✐✜❝❛t✐♦♥✶✳ ❚❤❡ t❤❡♦r② ♦❢ ❛rr❛②s ✐s ❞❡✜♥❡❞
❜② ✉s✐♥❣ t✇♦ ❢✉♥❝t✐♦♥ s②♠❜♦❧s st♦r❡ ❛♥❞ s❡❧❡❝t ❡♥❝♦❞✐♥❣ r❡s♣❡❝t✐✈❡❧② t❤❡ st♦r✲
❛❣❡ ❛♥❞ r❡tr✐❡✈✐♥❣ ♦❢ ❛♥ ❡❧❡♠❡♥t ✐♥ ❛♥ ❛rr❛②✱ ❛♥❞ ❞❡✜♥❡❞ ❜② t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣
❛①✐♦♠s✿
∀x, z, v, s❡❧❡❝t(st♦r❡(x, z, v), z) ≃ v ✭✶✮
∀x, z, w, v, z ≃ w ∨ s❡❧❡❝t(st♦r❡(x, z, v), w) ≃ s❡❧❡❝t(x,w) ✭✷✮
❚❤❡s❡ ❛①✐♦♠s st❛t❡ t❤❛t ✐❢ ❛♥ ❡❧❡♠❡♥t v ✐s ✐♥s❡rt❡❞ ✐♥t♦ ❛♥ ❛rr❛② x ❛t s♦♠❡
♣♦s✐t✐♦♥ z✱ t❤❡♥ t❤❡ r❡s✉❧t✐♥❣ ❛rr❛② ❝♦♥t❛✐♥s v ❛t ♣♦s✐t✐♦♥ z ✭✜rst ❛①✐♦♠✮ ❛♥❞
❝♦♥t❛✐♥s t❤❡ s❛♠❡ ❡❧❡♠❡♥ts ❛s ✐♥ x ❡❧s❡✇❤❡r❡ ✭s❡❝♦♥❞ ❛①✐♦♠✮✳
⋆ ❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ♣❛rt❧② ❢✉♥❞❡❞ ❜② t❤❡ ♣r♦❥❡❝t ❆❙❆P ♦❢ t❤❡ ❋r❡♥❝❤ ❆❣❡♥❝❡ ◆❛✲
t✐♦♥❛❧❡ ❞❡ ❧❛ ❘❡❝❤❡r❝❤❡ ✭❆◆❘✲✵✾✲❇▲❆◆✲✵✹✵✼✲✵✶✮✳
✶ ❚❤✐s t❤❡♦r② ❞♦❡s ♥♦t ❢❛❧❧ ✐♥ t❤❡ s❝♦♣❡ ♦❢ t❤❡ r❡s✉❧ts ✐♥ ❬✺❪✳
❚❤✐s t❤❡♦r② ❛❧❧♦✇s ❢♦r ✐♥st❛♥❝❡ t♦ ♠♦❞❡❧ t❤❡ ❤❡❛♣ ✇❤❡♥ ❞❡s❝r✐❜✐♥❣ t❤❡ ❜❡✲
❤❛✈✐♦r ♦❢ ❛ ♣r♦❣r❛♠✳ ■t ✐s ✈❡r② ✇❡❧❧✲st✉❞✐❡❞ ❛♥❞ s❡✈❡r❛❧ ♣r♦❝❡❞✉r❡s ❤❛✈❡ ❜❡❡♥
♣r♦♣♦s❡❞ t♦ t❡st t❤❡ ✈❛❧✐❞✐t② ♦❢ ❢♦r♠✉❧æ ♠♦❞✉❧♦ t❤✐s t❤❡♦r② ❛♥❞ ♠❛♥② ❡①t❡♥s✐♦♥s✳
❋♦r ✐♥st❛♥❝❡✱ ❛ ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ❞❡✜♥❡❞ ✐♥ ❬✾✱ ✽❪ ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ ❢♦r♠✉❧æ
♦✈❡r t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s ✇✐t❤ ✉♥✐♥t❡r♣r❡t❡❞ ♦r ✐♥t❡r♣r❡t❡❞ ❡❧❡♠❡♥ts ❛♥❞ ✐♥❞✐❝❡s✱
✇❤✐❝❤ ✐s ❛❜❧❡ t♦ ❤❛♥❞❧❡ ❛ r❡str✐❝t❡❞ ❢♦r♠ ♦❢ q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r ✐♥❞✐❝❡s✳ ❚❤❡ ✇♦r❦
❞❡s❝r✐❜❡❞ ✐♥ ❬✶✵❪ ❢♦❝✉s❡s ♦♥ ❛rr❛②s ✇✐t❤ ✐♥t❡❣❡r ✐♥❞✐❝❡s ❛♥❞ ❞❡✈✐s❡s ❛ ♠❡t❤♦❞
t♦ ❝♦♠❜✐♥❡ ❡①✐st✐♥❣ ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡s ✇❤✐❝❤ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❤❛♥❞❧❡ s♦♠❡
✐♠♣♦rt❛♥t ❢❡❛t✉r❡s ♦❢ ❛rr❛②s s✉❝❤ ❛s s♦rt❡❞♥❡ss ♦r ❛rr❛② ❞✐♠❡♥s✐♦♥✳ ❲❡ ❛❧s♦
♠❡♥t✐♦♥ t❤❡ ❧♦❣✐❝ ♣r❡s❡♥t❡❞ ✐♥ ❬✶✶❪✱ ✇❤✐❝❤ ✐s ❞❡✈♦t❡❞ t♦ r❡❛s♦♥✐♥❣ ✇✐t❤ ❛rr❛②s ♦❢
✐♥t❡❣❡rs ✭❜② r❡❞✉❝t✐♦♥ t♦ t❤❡ ❡♠♣t✐♥❡ss ♣r♦❜❧❡♠ ❢♦r ❝♦✉♥t❡r ❛✉t♦♠❛t❛✮✳
■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ✇❡ ❝♦♥s✐❞❡r s❝❤❡♠❛t❛ ♦❢ ❢♦r♠✉❧æ ✐♥t❡r♣r❡t❡❞ ♦♥ t❤❡
t❤❡♦r② ♦❢ ❛rr❛②s ❛♥❞ ❞❡✜♥❡❞ ✉s✐♥❣ ✐♥❞❡①❡❞ ✈❛r✐❛❜❧❡s ❛♥❞ ✐t❡r❛t❡❞ ❝♦♥♥❡❝t✐✈❡s✳
❚❤❡s❡ ✐♥❞❡①❡❞ s②♠❜♦❧s ♠❛② ❜❡ ✉s❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ t♦ ❞❡♥♦t❡ t❤❡ st❛t❡ ♦❢ t❤❡ s❛♠❡
✈❛r✐❛❜❧❡ ❛t ❞✐✛❡r❡♥t t✐♠❡s ❞✉r✐♥❣ t❤❡ r✉♥♥✐♥❣ ♦❢ ❛ ♣r♦❣r❛♠✳ ❈♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳ ■❢✱ ✐♥ ❛♥ ❛rr❛② T ✱ n ❡❧❡♠❡♥ts e1, . . . , en ❛r❡ ✐♥s❡rt❡❞ ❛t
❞✐st✐♥❝t ✐♥❞✐❝❡s i1, . . . , in✱ t❤❡♥ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ r❡s✉❧t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡ ✐♥s❡rt✐♦♥ ✐s ♣❡r❢♦r♠❡❞✳ ❆ ♣❛rt✐❝✉❧❛r ✐♥st❛♥❝❡ ♦❢ t❤✐s ♣r♦❜❧❡♠
❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❜② ❝♦♥str✉❝t✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s❡q✉❡♥❝❡s T ′n ❛♥❞ Tn✿
T0 ≃ T T
′
0 ≃ st♦r❡(T, i
′, a)
∧n
j=0 ij 6= i
′
∧n
j=0 Tj+1 ≃ st♦r❡(Tj , ij , ej)
∧n
j=0 T
′
j+1 ≃ st♦r❡(T
′
j , ij , ej)
■♥t✉✐t✐✈❡❧②✱ Tn+1 ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ T ❜② ✐♥s❡rt✐♥❣ t❤❡ ❡❧❡♠❡♥ts e1, . . . , en ✐♥
t❤❡ ❝❡❧❧s i1, . . . , in r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ T
′
n+1 ✐s ♦❜t❛✐♥❡❞ ❜② ✐♥s❡rt✐♥❣ a, e1, . . . , en
❛t i′, i1, . . . , in✳ ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ ❛rr❛② ♦❜t❛✐♥❡❞ ❜② st♦r✐♥❣ a
✐♥t♦ Tn+1 ✐♥ ❝❡❧❧ i
′ ✐s ✐❞❡♥t✐❝❛❧ t♦ T ′n+1 ♠♦❞✉❧♦ ❡①t❡♥s✐♦♥❛❧✐t②✱ ✐✳❡✳ t❤❛t
∀n ∀i s❡❧❡❝t(st♦r❡(Tn+1, i
′, a), i) ≃ s❡❧❡❝t(T ′n+1, i) ✐s ❛ ❧♦❣✐❝❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
♣r❡✈✐♦✉s s❡t ♦❢ ❛①✐♦♠s✳ ◆♦t❡ t❤❛t t❤❡ ✐♥❞❡① ✈❛r✐❛❜❧❡s j ❛♥❞ n ♠✉st ❜❡ ✐♥t❡r♣r❡t❡❞
❛s ♥❛t✉r❛❧ ♥✉♠❜❡rs ❤❡♥❝❡ t❤✐s ♣r♦❜❧❡♠ ❝❛♥♥♦t ❜❡ ❡♥❝♦❞❡❞ ✐♥ ✜rst✲♦r❞❡r ❧♦❣✐❝✷✳
❇② ♥❡❣❛t✐♥❣ t❤❡ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ♦❜t❛✐♥ ❛ ❝❧❛✉s❡ ❝♦♥t❛✐♥✐♥❣ ❛ ❝♦♥st❛♥t ✐♥t❡r♣r❡t❡❞
❛s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✳ ❊①✐st✐♥❣ ❙▼❚✲s♦❧✈❡rs ✭s❡❡✱ ❡✳❣✳✱ ✇✇✇✳❙▼❚✲▲■❇✳♦r❣✮ ❝❛♥♥♦t
❞❡❝✐❞❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ s✉❝❤ ❢♦r♠✉❧æ✱ ✉♥❧❡ss ♦❢ ❝♦✉rs❡ n ✐s ✐♥st❛♥t✐❛t❡❞ t♦ s♦♠❡
✜①❡❞ ♥✉♠❜❡r✸✳ ❋♦r ♣r♦✈✐♥❣ t❤❛t t❤❡ ❢♦r♠✉❧❛ ❤♦❧❞s ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ n✱ t❤❡ ✉s❡ ♦❢
♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥ ✐s ❡ss❡♥t✐❛❧✳
❚❤❡ ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❆❢t❡r ❞❡✜♥✐♥❣ ✐♥ ❙❡❝t✐♦♥ ✷ t❤❡ s②♥t❛① ❛♥❞
t❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❧♦❣✐❝✱ ✇❡ ♣r♦✈❡ ✐♥ ❙❡❝t✐♦♥ ✸ t❤❛t t❤❡ s❛t✐s✜❛❜✐❧✲
✐t② ♣r♦❜❧❡♠ ✐s ✉♥❞❡❝✐❞❛❜❧❡ ✭✐t ✐s ♦❜✈✐♦✉s❧② s❡♠✐✲❞❡❝✐❞❛❜❧❡✮✱ ❜② r❡❞✉❝t✐♦♥ t♦ t❤❡
P♦st ❝♦rr❡s♣♦♥❞❡♥❝❡ ♣r♦❜❧❡♠✳ ❘❡♠❛r❦❛❜❧②✱ t❤✐s r❡s✉❧t st✐❧❧ ❤♦❧❞s ✐❢ t❤❡ s②♥t❛① ♦❢
t❤❡ ❢♦r♠✉❧❛ ✐s ❢✉rt❤❡r r❡str✐❝t❡❞ ❜② ❢♦r❜✐❞❞✐♥❣ ❛rr❛②s ❝♦♥t❛✐♥✐♥❣ ❡❧❡♠❡♥ts ♦❢ t❤❡
s❛♠❡ s♦rt ❛s t❤❡✐r ✐♥❞✐❝❡s ✭t❤✉s ❞✐s❝❛r❞✐♥❣ t❡r♠s s✉❝❤ ❛s s❡❧❡❝t(T, s❡❧❡❝t(T, i))✮✳
✷ ■t ❞♦❡s ♥♦t ❢❛❧❧ ✐♥ t❤❡ s❝♦♣❡ ♦❢ ❡①✐st✐♥❣ ♣r♦❝❡❞✉r❡s ❢♦r ❤❛♥❞❧✐♥❣ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✜rst✲
♦r❞❡r ❧♦❣✐❝ ❛♥❞ Pr❡s❜✉r❣❡r ❛r✐t❤♠❡t✐❝ ✭s❡❡✱ ❡✳❣✳✱ ❬✼❪✮✱ s✐♥❝❡ ✐t ♥❡❝❡ss❛r✐❧② ✐♥✈♦❧✈❡s
✐♥❞✉❝t✐♦♥✳
✸ ❆s ❢❛r ❛s ✇❡ ❛r❡ ❛✇❛r❡✱ t❤✐s ♣r♦❜❧❡♠ ✐s ♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ❦♥♦✇♥ ❞❡❝✐❞❛❜❧❡
❡①t❡♥s✐♦♥s ♦❢ t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s✳
■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ✐♠♣♦s❡ ❛❞❞✐t✐♦♥❛❧ s❡♠❛♥t✐❝ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ✐♥✲
t❡r♣r❡t❛t✐♦♥s ❛♥❞ ❞❡✜♥❡ ❛ ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r t❡st✐♥❣ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ ❢♦r✲
♠✉❧æ ✐♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❧❛ss ♦❢ ✐♥t❡r♣r❡t❛t✐♦♥s✳ ❚❤❡ ♣r♦♦❢ ♣r♦❝❡❞✉r❡ ✐s ❜❛s❡❞ ♦♥
♣r♦♣♦s✐t✐♦♥❛❧ t❛❜❧❡❛✉① ❡♥r✐❝❤❡❞ ❜② s♣❡❝✐✜❝ r✉❧❡s ❢♦r ❡q✉❛❧✐t② r❡❛s♦♥✐♥❣ ♠♦❞✉❧♦
t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s✱ t♦❣❡t❤❡r ✇✐t❤ ♥❡✇ s✐♠♣❧✐✜❝❛t✐♦♥ ❛♥❞ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡s
❡♥s✉r✐♥❣ t❡r♠✐♥❛t✐♦♥✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥s t❤❛t ♠❛❦❡ ♣♦ss✐❜❧❡
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡ ❛r❡ ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳ ■♥✲
❢♦r♠❛❧❧②✱ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿ t✇♦ ✐♥❞❡①❡❞ ❝♦♥st❛♥ts
ai ❛♥❞ bj ✱ ✇✐t❤ i < j ❡♥❝♦❞✐♥❣ ❛rr❛② ✐♥❞✐❝❡s ❝❛♥♥♦t ❜❡ ❡q✉❛❧✱ ✉♥❧❡ss t❤❡r❡ ❡①✲
✐sts ❛ ♥♦♥✲✐♥❞❡①❡❞ ❝♦♥st❛♥t c s✉❝❤ t❤❛t ai = c = bj ♦r ❛ s❡q✉❡♥❝❡ ♦❢ ❝♦♥st❛♥ts
c1, . . . , cj−1−i s✉❝❤ t❤❛t ai = c
1
i+1 = . . . = c
j−i−1
j−1 = bj ❤♦❧❞s ✐♥ t❤❡ ❝♦♥s✐❞✲
❡r❡❞ ✐♥t❡r♣r❡t❛t✐♦♥✳ ❚❤✐s r❡str✐❝t✐♦♥ ❞♦❡s ♥♦t ❛♣♣❧② ✐♥ ❛ s②st❡♠❛t✐❝ ✇❛② ♦♥ ❛❧❧
t❤❡ s②♠❜♦❧s ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ❢♦r♠✉❧❛✱ ❜✉t ♦♥❧② ♦♥ t❤♦s❡ ❡♥❝♦❞✐♥❣ t❤❡ ✐♥❞✐❝❡s
♦❢ ❝❡rt❛✐♥ ❛rr❛②s✱ ♠♦r❡ ♣r❡❝✐s❡❧② t❤♦s❡ ♦♥ ✇❤✐❝❤ ❛ st♦r❡ ♦♣❡r❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✱
❛♥❞ t❤♦s❡ ❝♦♥t❛✐♥✐♥❣ ❡❧❡♠❡♥ts ♦❢ t❤❡ s❛♠❡ s♦rt ❛s t❤❡✐r ✐♥❞✐❝❡s✳ ❲❡ ❝❛❧❧ t❤❡ ✐♥✲
t❡r♣r❡t❛t✐♦♥s s❛t✐s❢②✐♥❣ t❤✐s r❡q✉✐r❡♠❡♥t ❝♦♥t✐❣✉♦✉s✳ ●♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ♣r❡✈✐♦✉s
❡①❛♠♣❧❡✱ t❤❡ r❡q✉✐r❡♠❡♥t ❤♦❧❞s ✐❢ ✇❡ ❛ss✉♠❡ ❢♦r ✐♥st❛♥❝❡ ✭✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ♣r❡✲
✈✐♦✉s ♣r♦♣❡rt✐❡s✮ t❤❛t t❤❡ ij ✬s ❛r❡ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ✭♠♦r❡ ❣❡♥❡r❛❧❧② ✐t ✐s ❝❧❡❛r t❤❛t
t❤❡ r❡q✉✐r❡♠❡♥t ❛❧✇❛②s ❤♦❧❞s ✐❢ ❝♦♥st❛♥ts ✇✐t❤ ❞✐st✐♥❝t ✐♥❞✐❝❡s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❜②
❞✐st✐♥❝t t❡r♠s✮✳ ❙♦♠❡ s✐♠♣❧❡ ❡①❛♠♣❧❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦✉r ✇♦r❦ ❛r❡ ♣r❡s❡♥t❡❞
✐♥ ❙❡❝t✐♦♥ ✺✱ ✐♥ ✇❤✐❝❤ ✇❡ s❤♦✇ t❤❛t ♦✉r ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ t♦ ❝❤❡❝❦
♣r♦♣❡rt✐❡s ♦❢ s✐♠♣❧❡ ♣r♦❣r❛♠s ✇✐t❤ ❧♦♦♣s✱ ✇❤❡r❡ ✐♥❞❡①❡❞ ❝♦♥st❛♥ts ai ❛r❡ ✉s❡❞
t♦ ❞❡♥♦t❡ t❤❡ ✈❛❧✉❡ ♦❢ s♦♠❡ ✈❛r✐❛❜❧❡s a ❛t ✐t❡r❛t✐♦♥ i✳ ❙❡❝t✐♦♥ ✻ ❜r✐❡✢② ❝♦♥❝❧✉❞❡s
t❤❡ ♣❛♣❡r ❛♥❞ ♣r♦✈✐❞❡s s♦♠❡ ❧✐♥❡s ♦❢ ❢✉t✉r❡ ✇♦r❦✳ ❉✉❡ t♦ s♣❛❝❡ r❡str✐❝t✐♦♥s✱ s♦♠❡
♦❢ t❤❡ ♣r♦♦❢s ❛r❡ ♦♠✐tt❡❞✳
✷ ❙❝❤❡♠❛t❛ ♦❢ ❋♦r♠✉❧æ
✷✳✶ ❙②♥t❛①
❚❤❡ s❡t ♦❢ s♦rt t❡r♠s T ✐s ❝♦♥str✉❝t❡❞ ✐♥❞✉❝t✐✈❡❧② ♦✈❡r ❛ ✜♥✐t❡ s❡t ♦❢ ❜❛s❡ s♦rts
B ✉s✐♥❣ t❤❡ ♦♣❡r❛t♦r →✿ ✐❢ s ❛♥❞ s′ ❛r❡ t✇♦ s♦rt t❡r♠s ✐♥ T t❤❡♥ t❤❡ s♦rt t❡r♠
s→ s′ ❞❡♥♦t❡s t❤❡ s♦rt ♦❢ t❤❡ ❛rr❛②s ✭♦r ❢✉♥❝t✐♦♥s✮ ♠❛♣♣✐♥❣ ❡❧❡♠❡♥ts ♦❢ s♦rt s
t♦ ❡❧❡♠❡♥ts ♦❢ s♦rt s′✳ ▲❡t nat ❜❡ ❛ s♣❡❝✐❛❧ s♦rt s②♠❜♦❧✱ ♥♦t ♦❝❝✉rr✐♥❣ ✐♥ B ♦r T✳
▲❡t Σ ❜❡ ❛ s❡t ♦❢ s②♠❜♦❧s ✭❞❡♥♦t✐♥❣ ❡✐t❤❡r ❝♦♥st❛♥ts ♦❢ ❛ ❜❛s❡ s♦rt ♦r ❛rr❛②s✮✳
❊❛❝❤ s②♠❜♦❧ ✐s Σ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✉♥✐q✉❡ ♣r♦✜❧❡ t❤❛t ✐s ❡✐t❤❡r ❛ s♦rt t❡r♠
♦r ♦❢ t❤❡ ❢♦r♠ nat → s ✇❤❡r❡ s ✐s ❛ s♦rt t❡r♠✳ ❆ s②♠❜♦❧ ✐s ❝❛❧❧❡❞ ✐♥❞❡①❡❞ ✐✛
✐ts ♣r♦✜❧❡ ✐s ♦❢ t❤❡ ❧❛t❡r ❢♦r♠✳ ❚❤❡ s❡t ♦❢ ✐♥❞❡①❡❞ ❛♥❞ ♥♦♥✲✐♥❞❡①❡❞ s②♠❜♦❧s ❛r❡
❞❡♥♦t❡❞ ❜② Σnat ❛♥❞ Σ⊥✱ r❡s♣❡❝t✐✈❡❧②✳
▲❡t V ❜❡ ❛ s❡t ♦❢ ❛r✐t❤♠❡t✐❝ ❝♦♥st❛♥ts✳ ❆♥ ❛r✐t❤♠❡t✐❝ ❡①♣r❡ss✐♦♥ ♦❢ ♣❛r❛♠❡t❡r
n ∈ V ✐s ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢♦r♠ k ♦r n+ k✱ ✇❤❡r❡ n ∈ V ❛♥❞ k ∈ N✳ ❆s ✉s✉❛❧✱
n + 0 ✐s s✐♠♣❧② ✇r✐tt❡♥ n✳ ❚❤❡ s❡t ♦❢ ❛r✐t❤♠❡t✐❝ ❡①♣r❡ss✐♦♥s ♦❢ ♣❛r❛♠❡t❡r n ✐s
❞❡♥♦t❡❞ ❜② TN(n)✳ ■❢ α, β ∈ TN(n) t❤❡♥ ✇❡ ✇r✐t❡ α < β ✐✛ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥
❤♦❧❞s r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r n✱ ✐✳❡✳✱ ✐✛ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ❤♦❧❞✿ α ❛♥❞ β ❛r❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs ❛♥❞ α < β✱ α ❛♥❞ β ❛r❡ ♦❢ t❤❡
❢♦r♠ n+ k ❛♥❞ n+ l r❡s♣❡❝t✐✈❡❧② ❛♥❞ k < l✱ ♦r α ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✱ β ✐s ♦❢ t❤❡
❢♦r♠ n+ k ❛♥❞ α < k✳
❚❤❡ s❡t ♦❢ t❡r♠s T (s, n) ♦❢ s♦rt s ∈ T ❛♥❞ ♦❢ ♣❛r❛♠❡t❡r n ∈ V ✐s ❜✉✐❧t
✐♥❞✉❝t✐✈❡❧② ❛s ❢♦❧❧♦✇s✳
✲ ❆❧❧ ♥♦♥✲✐♥❞❡①❡❞ s②♠❜♦❧s u ∈ Σ⊥ ♦❢ ♣r♦✜❧❡ s ❛r❡ t❡r♠s ✐♥ T (s, n)✳
✲ ❋♦r ❛❧❧ u ∈ Σnat ♦❢ ♣r♦✜❧❡ nat→ s ❛♥❞ ❢♦r ❛❧❧ α ∈ TN(n)✱ ✇❡ ❤❛✈❡ uα ∈ T (s, n)✳
✲ ❋♦r ❛❧❧ s♦rt t❡r♠s s′✱ ❢♦r ❛❧❧ (t, u) ∈ T (s′ → s, n)×T (s′, n)✱ s❡❧❡❝t(t, u) ∈ T (s, n)✳
✲ ■❢ s ✐s ♦❢ t❤❡ ❢♦r♠ s′ → s′′✱ t❤❡♥ ❢♦r ❛❧❧ (t, u, v) ∈ T (s, n)× T (s′, n)× T (s′′, n)✱
st♦r❡(t, u, v) ∈ T (s, n)✳
❚❤❡ s❡t T (n) ❞❡♥♦t❡s t❤❡ ❡♥t✐r❡ s❡t ♦❢ t❡r♠s T (n)
❞❡❢
=
⋃
s∈T T (s, n)✳ ■❢ u ✐s ❛ t❡r♠
♦❢ s♦rt s→ s′✱ t❤❡♥ s ✐s t❤❡ ❞♦♠❛✐♥ ♦❢ u ❛♥❞ s′ ✐s ✐ts r❛♥❣❡✳ ❋♦r ❡✈❡r② ❛r✐t❤♠❡t✐❝
❡①♣r❡ss✐♦♥ α✱ ✇❡ ❞❡♥♦t❡ ❜② Σ[α] t❤❡ s❡t ♦❢ t❡r♠s t❤❛t ❛r❡ ❡✐t❤❡r ❡❧❡♠❡♥t ♦❢ Σ⊥
♦r ♦❢ t❤❡ ❢♦r♠ uα✱ ✇✐t❤ u ∈ Σnat✳
❚❤❡ t❡r♠ ❞❡♣t❤ δ(u) ❛♥❞ t❤❡ ✐♥❞❡① ❞❡♣t❤ ι(u) ♦❢ ❛ t❡r♠ u ❛r❡ ✐♥❞✉❝t✐✈❡❧②
❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ δ(uα)
❞❡❢
= δ(u)
❞❡❢
= 1 ✐❢ u ∈ Σnat ∪ Σ⊥✱ δ(s❡❧❡❝t(t, u))
❞❡❢
=
max(δ(t), δ(u)) + 1✱ δ(st♦r❡(t, u, v)
❞❡❢
= max(δ(t), δ(u), δ(v)) + 1✱ ι(u)
❞❡❢
= 0
✐❢ u ∈ Σ⊥✱ ι(un+k)
❞❡❢
= ι(uk)
❞❡❢
= k + 1 ✐❢ k ∈ N✱ ι(s❡❧❡❝t(t, u))
❞❡❢
=
max(ι(t), δ(u))✱ ι(st♦r❡(t, u, v)
❞❡❢
= max(ι(t), δ(u), δ(v))✱ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ s ∈ Σ⊥
t❤❡♥ s❡❧❡❝t(tn+1, s❡❧❡❝t(s, un)) ✐s ♦❢ t❡r♠ ❞❡♣t❤ 3 ❛♥❞ ♦❢ ✐♥❞❡① ❞❡♣t❤ 2✳
❚❤❡ s❡t F(n) ♦❢ A✲❢♦r♠✉❧æ ♦❢ ♣❛r❛♠❡t❡r n ✐s ✐♥❞✉❝t✐✈❡❧② ❝♦♥str✉❝t❡❞ ❛s
❢♦❧❧♦✇s ✭♥♦t❡ t❤❛t ✇❡ ❛ss✉♠❡ t❤❛t ❛❧❧ ❢♦r♠✉❧æ ❛r❡ ✐♥ ♥❡❣❛t✐♦♥ ♥♦r♠❛❧ ❢♦r♠✮✳
✲ ⊥,⊤ ∈ F(n)✳
✲ ■❢ u, v ∈ T (s, n) ❢♦r s♦♠❡ s♦rt s ∈ T✱ t❤❡♥ u ≃ v ❛♥❞ u 6≃ v ❛r❡ ✐♥ F(n)✳
✲ ■❢ φ, ψ ∈ F(n) t❤❡♥ φ ∧ ψ, φ ∨ ψ ∈ F(n)✳
✲ ■❢ i ∈ V✱ φ ∈ F(i)✱ ❛♥❞ k, l ∈ N t❤❡♥
∨n+l
i=k φ ❛♥❞
∧n+l
i=k φ ❛r❡ ✐♥ F(n)✳
❆♥ ❡①♣r❡ss✐♦♥ α ✐s ❛♥ ✐♥❞❡① ♦❢ ❛ ❢♦r♠✉❧æ φ ✐❢ ✐t ♦❝❝✉rs ✐♥ ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠ uα
♦❢ φ✳ ❚❤❡ t❡r♠ ❞❡♣t❤ ❛♥❞ ✐♥❞❡① ❞❡♣t❤ ♦❢ ❛♥ A✲❢♦r♠✉❧❛ φ ✐s t❤❡ ♠❛①✐♠❛❧ t❡r♠
✭r❡s♣✳ ✐♥❞❡①✮ ❞❡♣t❤ ♦❢ t❤❡ t❡r♠s ♦❝❝✉rr✐♥❣ ✐♥ φ✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥❛❧ ❞❡♣t❤ π(φ)
✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ π(⊥)
❞❡❢
= π(⊤)
❞❡❢
= π(u ≃ v)
❞❡❢
= π(u 6≃ v)
❞❡❢
= 1✱ π(φ ⋆ ψ)
❞❡❢
=
1 +max(π(φ), π(ψ)) ❛♥❞ π(Πn+l
i=kφ) = 1 + π(φ) ✭✇✐t❤ ⋆ ∈ {∨,∧}✱ Π ∈ {
∨
,
∧
}✮✳
❋♦r ❡✈❡r② ❡①♣r❡ss✐♦♥ e✱ ✇❡ ❞❡♥♦t❡ ❜② e{α 7→ β} t❤❡ ❡①♣r❡ss✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠
e ❜② r❡♣❧❛❝✐♥❣ ❡✈❡r② ♦❝❝✉rr❡♥❝❡ ♦❢ α ❜② β✳
✷✳✷ ❙❡♠❛♥t✐❝s
❚❤❡ s❡♠❛♥t✐❝s ♦❢ A✲❢♦r♠✉❧æ ✐s ❞❡✜♥❡❞ ✐♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ ✇❛②✳ ❆♥ ✐♥t❡r♣r❡✲
t❛t✐♦♥ I ✐s ❛ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ ❡✈❡r② ❡①♣r❡ss✐♦♥ e ✐♥ T ∪ V ∪ {st♦r❡, s❡❧❡❝t} ∪
⋃
n∈V(TN(n) ∪ T (n) ∪ F(n)) t♦ ❛♥ ♦❜❥❡❝t [e]
I
s✉❝❤ t❤❛t✿
✲ ❋♦r ❡✈❡r② s♦rt s ∈ T✱ [s]I ✐s ❛ ♥♦♥✲❡♠♣t② s❡t ♦❢ ❡❧❡♠❡♥ts ✭t❤❡ ❞♦♠❛✐♥ ♦❢ s✮✳
✲ ❋♦r ❡✈❡r② n ∈ V✱ [n]I ✐s ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✳
✲ ❋♦r ❡✈❡r② s②♠❜♦❧ u ♦❢ ♣r♦✜❧❡ s ∈ T✱ [u]I ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ [s]I ✳
✲ ❋♦r ❡✈❡r② ❝♦♥st❛♥t u ♦❢ ♣r♦✜❧❡ nat→ s✱ [u]I ✐s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ N t♦ [s]I ✳
✲ [k]
I ❞❡❢
= k ✐❢ k ∈ N✱ ❛♥❞ [n+ k]I
❞❡❢
= [n]
I
+ k ✐❢ n ∈ V, k ∈ N✳
✲ [st♦r❡]
I
✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t ♠❛♣s ❡✈❡r② tr✐♣❧❡ (e, e′, f) ∈ ([s→ s′]I , [s]I , [s′]I) t♦
❛♥ ❡❧❡♠❡♥t ♦❢ [s→ s′]
I
✳
✲ [s❡❧❡❝t]
I
✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t ♠❛♣s ❡✈❡r② ♣❛✐r (e, e′) ∈ ([s→ s′]I , [s]I) t♦ ❛♥
❡❧❡♠❡♥t ♦❢ [s′]
I
✳
✲ I s❛t✐s✜❡s t❤❡ ❛①✐♦♠s ♦❢ t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s✱ ✐✳❡✳✱ ❢♦r ❡✈❡r② t, u, v, w ∈
([s→ s′]I , [s]I , [s′]I , [s]I)✱ ✇❡ ❤❛✈❡✿ [s❡❧❡❝t]I([st♦r❡]I(t, u, v), u) = v ❛♥❞
[s❡❧❡❝t]
I
([st♦r❡]
I
(t, u, v), w) = [s❡❧❡❝t]
I
(t, w) ✐❢ u 6= w✳
✲ [uα]
I ❞❡❢
= [u]
I
([α]
I
)✱ ❛♥❞ ❢♦r ❡✈❡r② t❡r♠ f(t1, . . . , tn)✱ ✇❤❡r❡ f ∈ {s❡❧❡❝t, st♦r❡}✱
n = 2, 3✱ ✇❡ ❤❛✈❡ [f(t1, . . . , tn)]
I ❞❡❢
= [f ]
I
([t1]
I
, . . . , [tn]
I
)✳
✲ ❋♦r ❡✈❡r② A✲❢♦r♠✉❧❛ φ✱ [φ]
I
✐s ❛ tr✉t❤ ✈❛❧✉❡ ✐♥ {tr✉❡, ❢❛❧s❡}✱ ✐♥❞✉❝t✐✈❡❧② ❞❡✲
✜♥❡❞ ❛s ❢♦❧❧♦✇s✳
✲ [⊤]I
❞❡❢
= tr✉❡✱ [⊥]I
❞❡❢
= ❢❛❧s❡✱ [u ≃ v]I
❞❡❢
= tr✉❡ ✐✛ [u]
I
= [v]
I
✱ [u 6≃ v]I
❞❡❢
= tr✉❡
✐✛ [u]
I 6= [v]I ✱ [φ ∨ ψ]I
❞❡❢
= tr✉❡ ✐✛ [φ]
I
= tr✉❡ ♦r [ψ]
I
= tr✉❡✱ ❛♥❞ [φ ∧ ψ]I
❞❡❢
=
tr✉❡ ✐✛ [φ]
I
= tr✉❡ ❛♥❞ [ψ]
I
= ❢❛❧s❡✳
✲ [
∨n+l
i=k φ]
I
❞❡❢
= tr✉❡ ✐✛ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r m ∈ [k, [n]I + l] s✉❝❤ t❤❛t
[φ]
I[i←m]
= tr✉❡✱ ✇❤❡r❡ I[i← m] ❞❡♥♦t❡s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ❝♦✐♥❝✐❞✐♥❣ ✇✐t❤
I ❡①❝❡♣t ♦♥ i✱ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ [i]I[i←m]
❞❡❢
= m✳
✲ [
∧n+l
i=k φ]
I
❞❡❢
= tr✉❡ ✐✛ ❢♦r ❛❧❧ ♥❛t✉r❛❧ ♥✉♠❜❡rs m ∈ [k, [n]I + l] ✇❡ ❤❛✈❡
[φ]
I[i←m]
= tr✉❡✳
❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ I ✐s ❛ ♠♦❞❡❧ ♦❢ ❛♥ A✲❢♦r♠✉❧❛ φ ✭r❡s♣✳ s❡t ♦❢ A✲❢♦r♠✉❧æ
S✮ ✐❢ [φ]
I
= tr✉❡ ✭r❡s♣✳ ✐❢ ∀φ ∈ S, [φ]I = tr✉❡✮✳ ❚❤✐s ✐s ✇r✐tt❡♥ I |= φ ✭r❡s♣✳
I |= S✮✳ ❆♥ A✲❢♦r♠✉❧❛ ♦r ❛ s❡t ♦❢ A✲❢♦r♠✉❧æ ❤❛✈✐♥❣ ❛ ♠♦❞❡❧ ✐s s❛t✐s✜❛❜❧❡✳
✸ ❯♥❞❡❝✐❞❛❜✐❧✐t② ❘❡s✉❧ts
❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥✳
Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s s❡♠✐✲❞❡❝✐❞❛❜❧❡ ❢♦r A✲❢♦r♠✉❧æ✳
Pr♦♦❢✳ ■❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ✐s ✜①❡❞ t❤❡♥ ❛❧❧ ✐t❡r❛t❡❞ ❢♦r♠✉❧æ ❝❛♥ ❜❡
r❡♣❧❛❝❡❞ ❜② st❛♥❞❛r❞ ❞✐s❥✉♥❝t✐♦♥s ❛♥❞ ❝♦♥❥✉♥❝t✐♦♥s✳ ❚❤❡ ♦❜t❛✐♥❡❞ A✲❢♦r♠✉❧❛ ✐s
t❤❡♥ ❡q✉✐✈❛❧❡♥t t♦ ❛ ❣r♦✉♥❞ ❢♦r♠✉❧❛ ✐♥t❡r♣r❡t❡❞ ♦♥ t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s✱ ❢♦r ✇❤✐❝❤
s❛t✐s✜❛❜✐❧✐t② ❝❛♥ ❜❡ t❡st❡❞ ❜② ✉s✉❛❧ ♣r♦❝❡❞✉r❡s✳ ❚❤✉s ✐t s✉✣❝❡s t♦ ❡♥✉♠❡r❛t❡ ❛❧❧
t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡r ✉♥t✐❧ ✇❡ ❣❡t ♦♥❡ ❢♦r ✇❤✐❝❤ t❤❡ ❝♦♥s✐❞❡r❡❞
❢♦r♠✉❧❛ ✐s s❛t✐s✜❛❜❧❡✳
❚❤❡ ♥❡①t t❤❡♦r❡♠ s❤♦✇s t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ♥♦t ❞❡❝✐❞❛❜❧❡✳
❚❤❡♦r❡♠ ✷✳ ❚❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ✉♥❞❡❝✐❞❛❜❧❡ ❢♦r A✲❢♦r♠✉❧æ✱ ❡✈❡♥ ✐❢
t❤❡ s❡ts ♦❢ r❛♥❣❡ ❛♥❞ ❞♦♠❛✐♥ s♦rts ❛r❡ ❞✐s❥♦✐♥t✹✳
Pr♦♦❢✳ ❲❡ ♣r♦✈✐❞❡ ❛ ❜r✐❡❢ ✐♥❢♦r♠❛❧ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ♣r♦♦❢✳ ■t ✐s ❜❛s❡❞ ♦♥
❛♥ ❡♥❝♦❞✐♥❣ ♦❢ t❤❡ P♦st ❝♦rr❡s♣♦♥❞❡♥❝❡ ♣r♦❜❧❡♠✳ ❲❡ t❤✉s ❝♦♥s✐❞❡r t✇♦ s❡✲
q✉❡♥❝❡s ♦❢ ✇♦r❞s w1,1, . . . , w1,n ❛♥❞ w2,1, . . . , w2,n ❛♥❞ ✇❡ ❝♦♥str✉❝t ❛♥ A✲
❢♦r♠✉❧❛ φ t❤❛t ✐s s❛t✐s✜❛❜❧❡ ✐✛ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ I1, . . . , Ik s✉❝❤ t❤❛t
w1,I1 . · · · .w1,Ik = w2,I1 . · · · .w2,Ik ✭✇❤❡r❡ ✏.✑ ❞❡♥♦t❡s ✇♦r❞ ❝♦♥❝❛t❡♥❛t✐♦♥✮✳ ❚♦
t❤✐s ♣✉r♣♦s❡✱ ✇❡ ✉s❡ t✇♦ ✐♥❞❡①❡❞ ❛rr❛②s W 1 ❛♥❞ W 2 ❞❡♥♦t✐♥❣ t❤❡ ✇♦r❞s
✹ ❚❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ❞♦♠❛✐♥ ❛♥❞ r❛♥❣❡ ♦❢ t❤❡ ❛rr❛②s ❛r❡ ❛❧❧♦✇❡❞ t♦ ❜❡ ✐❞❡♥t✐❝❛❧
❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ r❡s✉❧ts ✐♥ ❬✺❪ ❛❜♦✉t t❤❡ ✉♥❞❡❝✐❞❛❜✐❧✐t② ♦❢ s❝❤❡♠❛t❛ ♦❢
❡q✉❛t✐♦♥❛❧ ❢♦r♠✉❧æ ✐♥ t❤❡ ❡♠♣t② t❤❡♦r②✳
w1,I1 . · · · .w1,Ik ❛♥❞ w2,I1 . · · · .w2,Ik r❡s♣❡❝t✐✈❡❧②✳ ▼♦r❡ ♣r❡❝✐s❡❧② W i ✐s ❞❡✜♥❡❞
♦♥ t❤❡ ❞♦♠❛✐♥ {a1, . . . , an} ❛♥❞ s❡❧❡❝t(W
i, aj) ❝♦♥t❛✐♥s t❤❡ ❝❤❛r❛❝t❡r j ♦❢ t❤❡
✇♦r❞ wi,I1 . · · · .wi,Ik ✱ ❞❡✜♥❡❞ ❛s ❛ ♣❛✐r (k, l) ∈ [1, n] × [1, |wi,k|]✱ ♠❡❛♥✐♥❣ t❤❛t
t❤✐s ❝❤❛r❛❝t❡r ✐s t❤❡ l✲t❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ✇♦r❞ wi,k✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ st❛t❡
❛s ❛♥ A✲❢♦r♠✉❧❛ t❤❛t W i ✐♥❞❡❡❞ r❡♣r❡s❡♥ts ❛ ✇♦r❞ ♦❢ t❤❡ ❢♦r♠ wi,I
i
1 . · · · .wi,I
i
k ✱
❢♦r s♦♠❡ s❡q✉❡♥❝❡ Ii1, . . . , I
i
k✿ ✐t s✉✣❝❡s t♦ ❝❤❡❝❦ t❤❛t t❤❡ s✉❝❝❡ss♦r ♦❢ ❛♥② ❡❧❡♠❡♥t
(k, l) ✐s ❡✐t❤❡r ♦❢ t❤❡ ❢♦r♠ (k, l+1) ✭✐❢ l ✐s ♥♦t t❤❡ ❧❛st ❝❤❛r❛❝t❡r ✐♥ wi,k✮ ♦r ♦❢ t❤❡
❢♦r♠ (k′, 1)✱ ❢♦r s♦♠❡ k′ ∈ [1, n] ✭✐❢ l ✐s t❤❡ ❧❛st ❡❧❡♠❡♥t ♦❢ wi,k✮✳ ❙✐♠✐❧❛r❧②✱ ✐t ✐s
❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ✇♦r❞s ❞❡♥♦t❡❞ ❜② W 1 ❛♥❞ W 2 ❛r❡ ✐❞❡♥t✐❝❛❧✳ ❚❤❡ ❞✐✣❝✉❧t
♣♦✐♥t ✐s t♦ ❝❤❡❝❦ t❤❛t t❤❡ t✇♦ s❡q✉❡♥❝❡s Ii1, . . . , I
i
k ✭i = 1, 2✮ ❛r❡ ✐❞❡♥t✐❝❛❧✳ ❋♦r
❡①♣r❡ss✐♥❣ t❤✐s ♣r♦♣❡rt②✱ ✇❡ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ t❤❡ t❤❡♦r②
♦❢ ❛rr❛②s✿ ❲❡ ✐♥tr♦❞✉❝❡ t✇♦ ✐♥❞❡①❡❞ ❝♦♥st❛♥ts bi s✉❝❤ t❤❛t (bi1, . . . , b
i
n) ✐s ❡①❛❝t❧②
t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝❡❧❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ♥❡✇ ✇♦r❞ ✐♥ W i✳ ❚♦
❞❡✜♥❡ t❤❡s❡ s❡q✉❡♥❝❡s✱ ✇❡ ❝♦♥str✉❝t t✇♦ ❛rr❛②s Bi ✭i = 1, 2✮ ❝♦♥t❛✐♥✐♥❣ tr✉❡
❡①❛❝t❧② ❛t t❤❡ ❝❡❧❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ♥❡✇ ✇♦r❞ ✐♥ W i ✭✇❤✐❝❤
❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② st❛t✐♥❣ t❤❛t ❢♦r ❡✈❡r② j = 1, . . . , n✱ s❡❧❡❝t(Bi, aj) ✐s tr✉❡ ✐✛
s❡❧❡❝t(W i, aj) ✐s ♦❢ t❤❡ ❢♦r♠ (k, 1)✮✳ ❚❤❡♥ ✇❡ ❝❤❡❝❦ t❤❛t t❤✐s ❛rr❛② B
i ✐s ✐❞❡♥t✐❝❛❧
t♦ t❤❡ ❛rr❛② ♦❜t❛✐♥❡❞ ❜② ✐♥s❡rt✐♥❣ tr✉❡ ❛t ❡✈❡r② ❝❡❧❧ bij ✭1 ≤ j ≤ n✮✱ ✐♥s✐❞❡ ❛♥
❛rr❛② ❝♦♥t❛✐♥✐♥❣ ✐♥✐t✐❛❧❧② ❢❛❧s❡ ❛t ❡❛❝❤ ❝❡❧❧ aj ✭1 ≤ j ≤ n✮✳ ❚❤✐s ❣✉❛r❛♥t❡❡s t❤❛t
{bi1, . . . , b
i
n} ✐s ✐♥❞❡❡❞ t❤❡ s❡t ♦❢ ❝❡❧❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ st❛rt ♦❢ ❛ ♥❡✇ ✇♦r❞✳
❚❤❡ ♠♦st s✉❜t❧❡ ♣♦✐♥t ✐s t♦ ❡♥s✉r❡ t❤❛t t❤❡ ♦r❞❡r ♦❢ t❤❡s❡ ❝❡❧❧s ✐s t❤❡ ✐♥t❡♥❞❡❞
♦♥❡✱ ✐✳❡✳ t❤❛t t❤❡ ✜rst ♥❡✇ ✇♦r❞ ❛❢t❡r bj ✐♥❞❡❡❞ st❛rts ❛t bj+1 ❛♥❞ ♥♦t✱ s❛②✱ ❛t
bj+2✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ❛❞❞✐♥❣ ❛①✐♦♠s ✏❝♦♣②✐♥❣✑ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♥❡①t ❡❧❡♠❡♥t
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ st❛rt ♦❢ ❛ ✇♦r❞ ❛❧❧ ❛❧♦♥❣ t❤❡ ❛rr❛② W i ✐♥ ♦r❞❡r t♦ ❝❤❡❝❦
t❤❛t t✇♦ ❝♦♥t✐❣✉♦✉s ✇♦r❞s r❡❛❧❧② st❛rt ❛t s♦♠❡ ❝❡❧❧s bij ❛♥❞ b
i
j+1✳ ❯s✐♥❣ t❤❡s❡
s❡q✉❡♥❝❡s bij ✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡ s❡q✉❡♥❝❡s I
i
j ❛r❡ ✐❞❡♥t✐❝❛❧✱
❜② ✈❡r✐❢②✐♥❣ t❤❛t s❡❧❡❝t(W 1, bj) ✐s ❡q✉❛❧ t♦ s❡❧❡❝t(W
2, bj)✱ ❢♦r ❡✈❡r② j = 1, . . . , n✳
✹ ❉❡❝✐❞❛❜✐❧✐t② ❘❡s✉❧ts
❚❤❡ r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥ ✸ s❤♦✇ t❤❛t t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ✉♥❞❡❝✐❞❛❜❧❡ ❢♦r
A✲❢♦r♠✉❧æ✳ ■♥ s✉❝❤ ❛ s✐t✉❛t✐♦♥✱ t❤❡ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥ ❢♦❝✉s✐♥❣ ♦♥
♣❛rt✐❝✉❧❛r s②♥t❛❝t✐❝ ❢r❛❣♠❡♥ts s♦ t❤❛t ❞❡❝✐❞❛❜✐❧✐t② ❛♥❞✴♦r ❝♦♠♣❧❡①✐t② r❡s✉❧ts ❝❛♥
❜❡ ♦❜t❛✐♥❡❞✳ ■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ✐♥st❡❛❞ ♦❢ r❡str✐❝t✐♥❣ t❤❡ ❝❧❛ss ♦❢ ❢♦r♠✉❧æ✱ ✇❡
♣r❡❢❡r t♦ r❡str✐❝t t❤❡ ❝❧❛ss ♦❢ ✐♥t❡r♣r❡t❛t✐♦♥s ❜② ✐♠♣♦s✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s
♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞ str✉❝t✉r❡s✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳
✹✳✶ ❙✐♠♣❧✐❢②✐♥❣ t❤❡ ❙②♥t❛①
❋♦r t❡❝❤♥✐❝❛❧ ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ s❤❛❧❧ ❛ss✉♠❡ ❢r♦♠ ♥♦✇ t❤❛t ❛❧❧ t❤❡ ❢♦r♠✉❧æ s❛t✐s❢②
s♦♠❡ ❛❞❞✐t✐♦♥❛❧ s②♥t❛❝t✐❝ r❡str✐❝t✐♦♥s✿
✶✳ ❚❤❡ t❡r♠ ❞❡♣t❤ ✐s ❜♦✉♥❞❡❞ ❜② 2❀ ❛♥❞ ❡✈❡r② ❧✐t❡r❛❧ ✐s ❡✐t❤❡r ❛♥ ❡q✉❛t✐♦♥ ♦r ❛
❞✐s❡q✉❛t✐♦♥ ❜❡t✇❡❡♥ ❝♦♥st❛♥ts ♦r ✐♥❞❡①❡❞ ❝♦♥st❛♥ts ♦r ♦❢ t❤❡ ❢♦r♠ f(u) ≃ v✱
✇✐t❤ f ∈ {s❡❧❡❝t, st♦r❡} ❛♥❞ u, v ❛r❡ ❝♦♥st❛♥ts ♦r ✐♥❞❡①❡❞ ❝♦♥st❛♥ts✳
✷✳ ❚❤❡ ♦♥❧② ❛r✐t❤♠❡t✐❝ ❡①♣r❡ss✐♦♥s ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❢♦r♠✉❧❛ ❛r❡ 0✱
n ♦r n+ 1✱ ✇❤❡r❡ n ∈ V✳
✸✳ ❚❤❡ ❢♦r♠✉❧❛ ❝♦♥t❛✐♥s ♥♦ ♥❡st❡❞ ✐t❡r❛t✐♦♥s✱ ✐✳❡✳✱ ❢♦r ❡✈❡r② s✉❜❢♦r♠✉❧❛ ♦❢ t❤❡
❢♦r♠
∨n+l
i=0 φ ♦r
∧n+l
i=k φ✱ φ ❝♦♥t❛✐♥s ♥♦ ✐t❡r❛t❡❞ ❢♦r♠✉❧❛✳
■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❞♦ ♥♦t r❡❞✉❝❡ t❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r
♦❢ t❤❡ ❧❛♥❣✉❛❣❡✳ ❋✐rst✱ ❛♥② ❛r✐t❤♠❡t✐❝ ❡①♣r❡ss✐♦♥ ❞✐st✐♥❝t ❢r♦♠ t❤❡ ♣❛r❛♠❡t❡r
n ♦❝❝✉rr✐♥❣ ❛s t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ ❛♥ ✐t❡r❛t✐♦♥ ❝❛♥ ❜❡ r❡♠♦✈❡❞ ❜② ✉♥❢♦❧❞✐♥❣
t❤❡ ❝♦♥s✐❞❡r❡❞ ✐t❡r❛t✐♦♥✱ ❡✳❣✳✱
∨n+2
i=0 φ ✐s ❡q✉✐✈❛❧❡♥t t♦
∨n
i=0 φ ∨ φ{i 7→ n + 1} ∨
φ{i 7→ n + 2}✳ ■t ✐s ❛❧s♦ ❡❛s② t♦ ❣❡t r✐❞ ♦❢ ❛♥ ✐t❡r❛t✐♦♥ ✇❤♦s❡ ❧♦✇❡r ❜♦✉♥❞ ✐s
❛ ♥✉♠❜❡r k 6= 0✿ t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♥❡✇ ❛t♦♠ pki st❛t✐♥❣ t❤❛t
i ✐s str✐❝t❧② ❣r❡❛t❡r t❤❛♥ k✱ ❛♥❞ ❞❡✜♥❡❞ ❜② t❤❡ ❛①✐♦♠s✿ ¬pk0 ∧ . . . ∧ ¬p
k
k−1 ∧
pkk ∧
∧n
i=0 ¬p
k
i ∨ p
k
i+1✳ ❚❤❡♥ ❛♥ ✐t❡r❛t✐♦♥
∨n
i=k φ ✭r❡s♣✳
∧n
i=k φ✮ ❝❛♥ ❜❡ ✇r✐tt❡♥∨n
i=0 p
k
i ∧ φ ✭r❡s♣✳
∧n
i=0 ¬p
k
i ∨ φ✮✳ ❈♦♥❞✐t✐♦♥ 3 ✐s ❛❧s♦ ❡❛s② t♦ ❡♥❢♦r❝❡✱ ❜❡❝❛✉s❡
❛♥② ✐t❡r❛t✐♦♥ Πij=0ψ ♦❝❝✉rr✐♥❣ ✐♥s✐❞❡ ❛♥ ✐t❡r❛t✐♦♥ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ♥❡✇
❛t♦♠ pi✱ ✇❤✐❧❡ ❛❞❞✐♥❣ t❤❡ ❛①✐♦♠s✿ ¬p0 ∨ ψ{i 7→ 0} ❛♥❞
∧n
i=0 ¬pi+1 ∨ (ψ{j 7→
i + 1} ⋆ pi) ✭✇✐t❤ (Π, ⋆) ∈ {(
∨
,∨), (
∧
,∧)}✮✳ ❆❢t❡r✇❛r❞✱ ❈♦♥❞✐t✐♦♥ 1 ❝❛♥ ❜❡
❡♥❢♦r❝❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ st❛♥❞❛r❞ ✢❛tt❡♥✐♥❣ ♦♣❡r❛t✐♦♥ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✻❪✮✱
✐✳❡✳✱ ❡✈❡r② ❝♦♠♣❧❡① s✉❜t❡r♠ u ♦❢ ♣❛r❛♠❡t❡r n ❝❛♥ ❜❡ ✭r❡♣❡❛t❡❞❧②✮ r❡♣❧❛❝❡❞ ❜②
❛ ♥❡✇ ❝♦♥st❛♥t vn✱ ✇❤✐❧❡ ❛❞❞✐♥❣ t❤❡ ❛①✐♦♠
∧n+1
i=0 vi ≃ u{n 7→ i}✳ ❚❤✐s ❡♥s✉r❡s
t❤❛t t❤❡ t❡r♠ ❞❡♣t❤ ✐s ❛t ♠♦st 2 ❛♥❞ t❤❛t t❤❡ s②♠❜♦❧s s❡❧❡❝t ❛♥❞ st♦r❡ ♦♥❧②
♦❝❝✉r ✐♥ ♣♦s✐t✐✈❡ ❧✐t❡r❛❧s ✭❛♥❞ ♦❝❝✉r ♦♥❧② ♦♥❝❡ ✐♥ ❡✈❡r② ❧✐t❡r❛❧✮✳ ❈♦♥❞✐t✐♦♥ 2 ✐s
❡♥s✉r❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✱ ❜② ✭r❡❝✉rs✐✈❡❧②✮ r❡♣❧❛❝✐♥❣ ❛♥② ❝♦♥st❛♥t un+k ✇✐t❤ k > 1
❜② ❛ ❝♦♥st❛♥t u′n+k−1✱ ✇❤✐❧❡ ❛❞❞✐♥❣ t❤❡ ❛①✐♦♠
∧n+1
i=0 u
′
i ≃ ui+1✳ ❉✉❡ t♦ s♣❛❝❡
r❡str✐❝t✐♦♥s✱ t❤❡ ❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s ✐s ♦♠✐tt❡❞✱ s❡❡ ❬✸✱ ✹❪
❢♦r ♠♦r❡ ❞❡t❛✐❧s✳
✹✳✷ ❘❡str✐❝t✐♥❣ t❤❡ ❈❧❛ss ♦❢ ■♥t❡r♣r❡t❛t✐♦♥s
❲❡ ✜rst ❞❡✜♥❡ ❛ ♣r♦♣❡rt② ♦❢ t❤❡ s♦rt t❡r♠s ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ s②♥t❛❝t✐❝
❢♦r♠ ♦❢ t❤❡ ❢♦r♠✉❧❛✳ ■♥t✉✐t✐✈❡❧②✱ ❛ s♦rt s ✐s ❝❛❧❧❡❞ ♥♦♥✲❝②❝❧✐❝ ✐❢✿ ✭✐✮ ♥♦ st♦r✐♥❣
♦♣❡r❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ♦♥ ❛rr❛②s ♦❢ ❞♦♠❛✐♥ s❀ ❛♥❞ ✭✐✐✮ ♥♦ ❛rr❛② ♦❢ s♦rt s → s
♦❝❝✉rs ✐♥ t❤❡ s✐❣♥❛t✉r❡✱ ❡✈❡♥ ✇✐t❤ ❛rr❛② ❝♦♠♣♦s✐t✐♦♥ ✭❜② ❝♦♠♣♦s✐♥❣ t✇♦ ❛rr❛②s
♦❢ s♦rt s → s′ ❛♥❞ s′ → s ♦♥❡ ❣❡ts ❛♥ ❛rr❛② ♦❢ s♦rt s → s✮✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✐s
❢♦r♠❛❧✐③❡❞ ❛s ❢♦❧❧♦✇s✳
❉❡✜♥✐t✐♦♥ ✸✳ ▲❡t ≺ ❜❡ ❛ ✭✜①❡❞✮ ♦r❞❡r✐♥❣ ❛♠♦♥❣ s♦rt t❡r♠s✱ s✉❝❤ t❤❛t s, s′ ≺
s → s′✱ ❢♦r ❛❧❧ s♦rt t❡r♠s s, s′✳ ❆ s♦rt s ✐s ♥♦♥✲❝②❝❧✐❝ ✐♥ ❛♥ A✲❢♦r♠✉❧❛ φ ✐❢ t❤❡
t✇♦ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✳
✲ φ ❝♦♥t❛✐♥s ♥♦ t❡r♠ ♦❢ t❤❡ ❢♦r♠ st♦r❡(u, v, w) ✇❤❡r❡ v ✐s ♦❢ s♦rt s✳
✲ φ ❝♦♥t❛✐♥s ♥♦ t❡r♠ ♦❢ s♦rt s′ → s ✇✐t❤ s′ 6≻ s✳
❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✸ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ str❛t✐✜❡❞ s✐❣✲
♥❛t✉r❡ ✐♥ ❬✶❪✿ ✐❢ t❤❡ ❢♦r♠✉❧❛ ❛t ❤❛♥❞ ❝♦♥t❛✐♥s ♥♦ ♦❝❝✉rr❡♥❝❡ ♦❢ st♦r❡ ❛♥❞ ✐❢ t❤❡
s✐❣♥❛t✉r❡ ✐s str❛t✐✜❡❞ t❤❡♥ ❡✈❡r② s♦rt ✐s ♥♦♥✲❝②❝❧✐❝✳
❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✸ ❛r❡ r❛t❤❡r r❡str✐❝t✐✈❡✱ t❤✉s ✐♥st❡❛❞ ♦❢ ❛ss✉♠✐♥❣
t❤❛t ❡✈❡r② s♦rt ✐s ♥♦♥✲❝②❝❧✐❝✱ ✇❡ ♣r❡❢❡r t♦ ❛❧❧♦✇ ❝②❝❧✐❝ s♦rts ❛♥❞ t♦ ❛❞❞ ❢✉rt❤❡r
r❡str✐❝t✐♦♥s ♦♥ t❤❡✐r ✐♥t❡r♣r❡t❛t✐♦♥s✳ ❚❤❡s❡ r❡str✐❝t✐♦♥s ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳
❉❡✜♥✐t✐♦♥ ✹✳ ❆ s♦rt s ✐s ❝♦♥t✐❣✉♦✉s ✐♥ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ I ✐✛ ❢♦r ❡✈❡r② ♣❛✐r ♦❢
❝♦♥st❛♥t s②♠❜♦❧s u, v ♦❢ ♣r♦✜❧❡ nat → s ❛♥❞ ❢♦r ❡✈❡r② k, l ∈ N s✉❝❤ t❤❛t k < l
❛♥❞ I |= uk ≃ vl✱ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✿
✲ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t w ♦❢ s♦rt s s✉❝❤ t❤❛t I |= uk ≃ w ∧ vl ≃ w✳
✲ ❚❤❡r❡ ❡①✐sts l− k+1 ❝♦♥st❛♥ts w1, . . . , wl−k+1 s✉❝❤ t❤❛t w1 = u✱ wl−k+1 = v
❛♥❞ ∀i ∈ [1, l − k], I |= wik+i−1 ≃ w
i+1
k+i✳
❋♦r ✐♥st❛♥❝❡ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✹ ❤♦❧❞s ✐❢ s ✐s ✜♥✐t❡✱ ❜❡❝❛✉s❡ ✐♥ t❤✐s ❝❛s❡
♦♥❡ ♠❛② ❛ss♦❝✐❛t❡ ❛ ♥♦♥✲✐♥❞❡①❡❞ ❝♦♥st❛♥t s②♠❜♦❧ w ✇✐t❤ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡
❞♦♠❛✐♥ ♦❢ s❀ ♦r ✐❢ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ k+1 < l⇒ uk 6≃ vl ❤♦❧❞s ✐♥ I✱ ❢♦r ❛❧❧ ❝♦♥st❛♥t
s②♠❜♦❧s u, v ∈ Σnat ❛♥❞ ❢♦r ❛❧❧ k, l ∈ N✳ ■t ❛❧s♦ ❤♦❧❞s ✐❢ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡
❝♦♥st❛♥ts ♦❢ s♦rt nat → s ✐s ♠♦♥♦t♦♥✐❝✱ ✐✳❡✳✱ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ♦r❞❡r✐♥❣ ≤ s✉❝❤
t❤❛t k < l ⇒ ak ≤ bl ❤♦❧❞s ✭✐t s✉✣❝❡s t♦ ❛❞❞ ❢♦r ❡❛❝❤ s♦rt s ❛ ♥❡✇ ❝♦♥st❛♥t u
s✉❝❤ t❤❛t uk ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♠❛①✐♠❛❧ t❡r♠ ♦❢ s♦rt s ♦❢ t❤❡ ❢♦r♠ vk−1✮✳
❉❡✜♥✐t✐♦♥ ✺✳ ❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ I ✐s ❝♦♥t✐❣✉♦✉s ✐❢ ❡✈❡r② s♦rt ✐s ❝♦♥t✐❣✉♦✉s ✐♥
I✳ ■t ✐s q✉❛s✐✲❝♦♥t✐❣✉♦✉s ✐✛ ❡✈❡r② ❝②❝❧✐❝ s♦rt ✐s ❝♦♥t✐❣✉♦✉s✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t q✉❛s✐✲❝♦♥t✐❣✉♦✉s ❛♥❞ ❝♦♥t✐❣✉♦✉s ✐♥t❡r♣r❡t❛t✐♦♥s
❛r❡ ❡q✉✐✈❛❧❡♥t ❢♦r s❛t✐s✜❛❜✐❧✐t② t❡st✐♥❣✿
▲❡♠♠❛ ✻✳ ❆♥ A✲❢♦r♠✉❧❛ ❤❛s ❛ q✉❛s✐✲❝♦♥t✐❣✉♦✉s ♠♦❞❡❧ ✐✛ ✐t ❤❛s ❛ ❝♦♥t✐❣✉♦✉s
♠♦❞❡❧ ✭✉♣ t♦ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❛ ✜♥✐t❡ s❡t ♦❢ ♥❡✇ ❝♦♥st❛♥t s②♠❜♦❧s ❛♥❞ ❛①✐♦♠s✮✳
■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ s❤❛❧❧ t❤❡r❡❢♦r❡ ❛ss✉♠❡ t❤❛t ❛❧❧ t❤❡ ❝♦♥s✐❞❡r❡❞ ✐♥t❡r♣r❡✲
t❛t✐♦♥s ❛r❡ ❝♦♥t✐❣✉♦✉s✳
✹✳✸ Pr♦♦❢ Pr♦❝❡❞✉r❡
❲❡ ❞❡✈✐s❡ ❛ t❛❜❧❡❛✉✲❜❛s❡❞ ♣r♦♦❢ ♣r♦❝❡❞✉r❡ ❞❡❝✐❞✐♥❣ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ A✲
❢♦r♠✉❧æ ✐♥ ❝♦♥t✐❣✉♦✉s ✭♦r q✉❛s✐✲❝♦♥t✐❣✉♦✉s✮ ✐♥t❡r♣r❡t❛t✐♦♥s✳ ❲❡ ✜rst ❜r✐❡✢② r❡✲
✈✐❡✇ s♦♠❡ ❜❛s✐❝ t❡r♠✐♥♦❧♦❣②✳ ❚❛❜❧❡❛✉① ❛r❡ ✈✐❡✇❡❞ ❛s tr❡❡s ❧❛❜❡❧❡❞ ❜② s❡ts ♦❢
A✲❢♦r♠✉❧æ✳ ❆ ❜r❛♥❝❤ ✐s ❛ ♣❛t❤ ❢r♦♠ t❤❡ r♦♦t t♦ ❛ ❧❡❛❢✳ ❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ I ✈❛❧✲
✐❞❛t❡s ❛ t❛❜❧❡❛✉ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❧❡❛❢ ❧❛❜❡❧❡❞ ❜② s♦♠❡ s❡t S s✉❝❤ t❤❛t I |= S✳ ❆
❜r❛♥❝❤ ✐s ❝❧♦s❡❞ ✐❢ ✐t ❝♦♥t❛✐♥s ⊥✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✐s ❞❡✜♥❡❞ ❜② r✉❧❡s ♦❢ t❤❡ ❢♦r♠
H1, . . . , Hn
C1 ⑤ ✳ ✳ ✳ ⑤ Cm
✱ ♠❡❛♥✐♥❣ t❤❛t ❛ ❧❡❛❢ ❧❛❜❡❧❡❞ ❜② ❛ s❡t S ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ❜② m ♥❡✇
❝❤✐❧❞r❡♥✱ ❧❛❜❡❧❡❞ ❜② S ∪C1✱✳ ✳ ✳ ✱S ∪Cm r❡s♣❡❝t✐✈❡❧②✱ ✐❢ S ❝♦♥t❛✐♥s H1, . . . , Hn ✭✉♣
t♦ ❛♥ ✐♥st❛♥t✐❛t✐♦♥ ♦❢ t❤❡ ♠❡t❛✲✈❛r✐❛❜❧❡s✮✳ ❚❤❡ r✉❧❡ ♦♥❧② ❛♣♣❧✐❡s ✐❢ t❤❡ ❜r❛♥❝❤ ✐s
♦♣❡♥ ❛♥❞ ✐❢ t❤❡r❡ ✐s ♥♦ i ∈ [1,m] s✉❝❤ t❤❛t S ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ❢♦r♠✉❧æ ✐♥ Ci✳
❖✈❡r✈✐❡✇ ♦❢ t❤❡ Pr♦♦❢ Pr♦❝❡❞✉r❡ ❚❤❡ ♣r♦♦❢ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ✐♥❢♦r♠❛❧❧②
❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✳
✲ ❋✐rst✱ t❤❡ ✉s✉❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ r✉❧❡s ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ❧♦❣✐❝ ❛r❡ ❛♣♣❧✐❡❞✱ t♦❣❡t❤❡r
✇✐t❤ ❛❞❞✐t✐♦♥❛❧ tr❛♥s✐t✐✈✐t② ❛♥❞ ♣❛r❛♠♦❞✉❧❛t✐♦♥ r✉❧❡s ❤❛♥❞❧✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❡q✉❛❧✐t② ♣r❡❞✐❝❛t❡✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ❣❡♥❡r❛❧✐③❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥ r✉❧❡s
✉♥❢♦❧❞✐♥❣ ✐t❡r❛t❡❞ ❢♦r♠✉❧æ ✭❡✳❣✳✱ t♦ ✐♥❢❡r φ{i 7→ n+ 1} ❢r♦♠
∧n+1
i=0 φ✮✳ ■♥ ♦r❞❡r
t♦ ❤❛♥❞❧❡ st♦r❡ ♦♣❡r❛t✐♦♥s✱ ✇❡ ✐♥tr♦❞✉❝❡ ♥❡✇ ❛t♦♠s ♦❢ t❤❡ ❢♦r♠ t ≃E s✱ ♠❡❛♥✐♥❣
t❤❛t t ❛♥❞ s ❝♦✐♥❝✐❞❡ ♦♥ ❡✈❡r② ❡❧❡♠❡♥t✱ ❡①❝❡♣t ♦♥ t❤♦s❡ ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ s❡t E✳
✲ ❚❤❡♥✱ ✇❡ ❛♣♣❧② ❛♥ ✐♥❞✉❝t✐✈❡ r✉❧❡ ♣❡r❢♦r♠✐♥❣ ❛ ❝❛s❡ ❛♥❛❧②s✐s ♦♥ t❤❡ ♣❛r❛♠❡t❡r
n✱ ❝♦♥s✐❞❡r✐♥❣ s❡♣❛r❛t❡❧② t❤❡ t✇♦ ❝❛s❡s n = 0 ❛♥❞ n > 0✳ ❚❤❡ r✉❧❡ r❡❝✉rs✐✈❡❧②
r❡♣❧❛❝❡s n ❜② ❡✐t❤❡r 0 ♦r n + 1✱ ❛♥❞ t❤✉s ❧❛③✐❧② ✐♥st❛♥t✐❛t❡s t❤❡ ♣❛r❛♠❡t❡r
✇✐t❤ ♥❛t✉r❛❧ ♥✉♠❜❡rs✱ ✇❤✐❝❤ ❡♥❛❜❧❡s ❢✉rt❤❡r ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
r✉❧❡s✳ ❖❢ ❝♦✉rs❡✱ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥ r✉❧❡ ♠❛❦❡s t❤❡ ❝❛❧❝✉❧✉s ♥♦♥✲
t❡r♠✐♥❛t✐♥❣✱ s✐♥❝❡ n ❝❛♥ ❜❡ ✐♥st❛♥t✐❛t❡❞ ✐♥❞❡✜♥✐t❡❧②✳
✲ ❚♦ ❛✈♦✐❞ ♥♦♥✲t❡r♠✐♥❛t✐♦♥✱ ❛ ❧♦♦♣ ❞❡t❡❝t✐♦♥ ♠❡❝❤❛♥✐s♠ ✐s ❛❞❞❡❞ t♦ ♣r✉♥❡ ✐♥✜♥✐t❡
❜r❛♥❝❤❡s✳ ❚♦ ❣❡t r✐❞ ♦❢ s✉❝❤ ❜r❛♥❝❤❡s✱ ✇❡ ❤❛✈❡ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❞❡♣t❤ ♦❢ t❤❡
❢♦r♠✉❧æ ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ t❛❜❧❡❛✉ ✐s ❜♦✉♥❞❡❞✱ s♦ t❤❛t ❡✈❡r② ✐♥✜♥✐t❡ ❜r❛♥❝❤
❝♦♥t❛✐♥s ❛ ❝②❝❧❡✱ ✐✳❡✳✱ t✇♦ ♥♦❞❡s ❧❛❜❡❧❡❞ ❜② t❤❡ s❛♠❡ s❡t ♦❢ ❢♦r♠✉❧æ✳ ■t ✐s ❡❛s②
t♦ s❡❡ t❤❛t t❤❡ t❡r♠ ❞❡♣t❤ ❛♥❞ ♣r♦♣♦s✐t✐♦♥❛❧ ❞❡♣t❤ ♦❢ t❤❡ ❢♦r♠✉❧❛ ❝❛♥♥♦t
✐♥❝r❡❛s❡✱ t❤✉s ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❡♥s✉r❡ t❤❛t ✐ts ✐♥❞❡① ❞❡♣t❤ ✐s ❜♦✉♥❞❡❞✳ ❚♦ t❤✐s
❛✐♠✱ ✇❡ ✐♥tr♦❞✉❝❡ ♥❡✇ ✭s❛t✐s✜❛❜✐❧✐t②✲♣r❡s❡r✈✐♥❣✮ r✉❧❡s ❛❧❧♦✇✐♥❣ t♦ ❣❡t r✐❞ ♦❢ ❛❧❧
❢♦r♠✉❧æ ❝♦♥t❛✐♥✐♥❣ ❛♥ ❡①♣r❡ss✐♦♥ n+ 2✳ ❚❤✐s ❡♥s✉r❡s t❤❛t ♦♥❧② t❡r♠s ✐♥❞❡①❡❞
❜② 0✱ n ♦r n+1 ✇✐❧❧ r❡♠❛✐♥ ✐♥ t❤❡ ❢♦r♠✉❧❛ ❜❡❢♦r❡ t❤❡ ✐♥❞✉❝t✐✈❡ r✉❧❡ ✐s ❛♣♣❧✐❡❞✱
❤❡♥❝❡ t❤❡ ✐♥❞❡① ❞❡♣t❤ ✇✐❧❧ ♥❡✈❡r ❜❡ ❣r❡❛t❡r t❤❛♥ 3✳ ❲❤❡♥ tr②✐♥❣ t♦ ❡❧✐♠✐♥❛t❡
❢♦r♠✉❧æ ❝♦♥t❛✐♥✐♥❣ ❛♥ ♦❝❝✉rr❡♥❝❡ ♦❢ n + 2✱ ✐t t✉r♥s ♦✉t t❤❛t ✐t ✐s s♦♠❡t✐♠❡s
♥❡❝❡ss❛r② t♦ ✐♥❢❡r ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ s②♠❜♦❧s✳ ❋♦r ✐♥st❛♥❝❡✱
✐❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❜r❛♥❝❤ ❝♦♥t❛✐♥s ❛ ❢♦r♠✉❧❛ s❡❧❡❝t(t, un+2) 6≃ s❡❧❡❝t(s, un+2) t❤❡♥
✇❡ ❤❛✈❡ t♦ ❡①♣r❡ss t❤❡ ❢❛❝t t❤❛t t ❛♥❞ s ❞✐s❛❣r❡❡ ❛t s♦♠❡ ❡❧❡♠❡♥t un+2✳ ❇✉t
✇❡ ❤❛✈❡ t♦ ❡①♣r❡ss t❤✐s ♣r♦♣❡rt② ✇✐t❤♦✉t ❡①♣❧✐❝✐t❧② r❡❢❡rr✐♥❣ t♦ t❤❡ t❡r♠ un+2
✭s✐♥❝❡ ♦✉r ❣♦❛❧ ✐s t♦ ❣❡t r✐❞ ♦❢ ❛❧❧ s✉❝❤ t❡r♠s✮✱ ❛♥❞ ♦❢ ❝♦✉rs❡ ✇✐t❤♦✉t ✐♥tr♦❞✉❝✐♥❣
♥❡✇ s②♠❜♦❧s ✭✇❤✐❝❤ ✇♦✉❧❞ ♣r❡✈❡♥t t❡r♠✐♥❛t✐♦♥✮✳ ❚❤✐s ❝❛♥♥♦t ❜❡ ❞♦♥❡ ✐♥ t❤❡
✐♥✐t✐❛❧ ❧❛♥❣✉❛❣❡✱ t❤✉s ✇❡ ♥❡❡❞ t♦ ❡♥r✐❝❤ t❤❡ s②♥t❛① ❜② ♥❡✇ ♣r❡❞✐❝❛t❡s ❛❧❧♦✇✐♥❣
t♦ ❡①♣r❡ss s✉❝❤ ♣r♦♣❡rt✐❡s ✐♥ ❛ ❝♦♥✈❡♥✐❡♥t ✇❛②✳ ❖❢ ❝♦✉rs❡✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ❛❞❞
❡①♣❛♥s✐♦♥ r✉❧❡s ❡♥❝♦❞✐♥❣ t❤❡ ❛①✐♦♠s ❞❡✜♥✐♥❣ t❤❡s❡ ♣r❡❞✐❝❛t❡s✳
❊♥r✐❝❤✐♥❣ t❤❡ ❙②♥t❛① ❲❡ t❤❡r❡❢♦r❡ ❡♥r✐❝❤ t❤❡ s②♥t❛① ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ❜② ♥❡✇
❝♦♥str✉❝t✐♦♥s✳ ❲❡ ✜rst ❝♦♥s✐❞❡r s❡t ❡①♣r❡ss✐♦♥s✱ ❞❡♥♦t✐♥❣ s❡ts ♦❢ ✐♥❞✐✈✐❞✉❛❧s✱ ❛♥❞
❜✉✐❧t ✉s✐♥❣ t❤❡ ❝♦♥str✉❝t♦r ∪ ♦✈❡r ❛ s❡t ♦❢ ❜❛s✐❝ s❡ts ∅✱ {u} ❛♥❞ θ(α)✱ ✇❤❡r❡ u ✐s ❛
❝♦♥st❛♥t ♦r ✐♥❞❡①❡❞ ❝♦♥st❛♥t ❛♥❞ α ❛♥ ❛r✐t❤♠❡t✐❝ ❡①♣r❡ss✐♦♥✳ ❚❤❡ s❡ts ∅ ❛♥❞ {u}
❛♥❞ t❤❡ ❝♦♥str✉❝t♦r ∪ ❛r❡ ✐♥t❡r♣r❡t❡❞ ✐♥ ❛ ♥❛t✉r❛❧ ✇❛②✱ ❛♥❞ θ(α) ✐s ✐♥t❡r♣r❡t❡❞ ✐♥
❛♥② ✐♥t❡r♣r❡t❛t✐♦♥ I ❛s t❤❡ s❡t ♦❢ t❡r♠s t❤❛t ❛r❡ ❞✐st✐♥❝t ❢r♦♠ ❛❧❧ ❡①♣r❡ss✐♦♥s ✐♥
T I|<α✱ ✇✐t❤ T
I
|<α
❞❡❢
= [Σ⊥]
I ∪{[uk]
I | u ∈ Σnat, k < [α]
I}✳ ■♥t✉✐t✐✈❡❧②✱ T I|<α ❞❡♥♦t❡s
t❤❡ s❡t ♦❢ ♥❛♠❡❞ ❡❧❡♠❡♥ts ✇❤♦s❡ ✐♥❞❡① ✐s str✐❝t❧② ❧♦✇❡r t❤❛♥ α✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r
❛ ♣r❡❞✐❝❛t❡ s②♠❜♦❧ ∈ ✐♥t❡r♣r❡t❡❞ ❛s ✉s✉❛❧ ❛s s❡t ♠❡♠❜❡rs❤✐♣✱ ❛♥❞ ❛ s②♠❜♦❧ ≃E
st❛t✐♥❣ t❤❛t t✇♦ ❛rr❛②s ❛❣r❡❡ ♦♥ ❛❧❧ ❡❧❡♠❡♥ts ♥♦t ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ s❡t ❞❡♥♦t❡❞
❜② E✳ ❋♦r ✐♥st❛♥❝❡✱ t ≃{u,v} s st❛t❡s t❤❛t t ❛♥❞ s ❝♦✐♥❝✐❞❡ ❛t ❡✈❡r② ❡❧❡♠❡♥t
❞✐st✐♥❝t ❢r♦♠ u ❛♥❞ v ❛♥❞ t ≃θ(α) s st❛t❡s t❤❛t t ❛♥❞ s ❝♦✐♥❝✐❞❡ ♦♥ ❡✈❡r② ❡❧❡♠❡♥t
✐♥ T I|<α✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♣r❡❞✐❝❛t❡ ≁α ✭✇✐t❤ α ∈ TN(n) ∪ {−1}✮✱
s✉❝❤ t❤❛t I |= t ≁α s ✐✛ t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t e ∈ θ(α + 1) ✭✐♥ t❤❡ ❞♦♠❛✐♥
♦❢ t, s✮ s✉❝❤ t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ t ❛♥❞ s ❞✐s❛❣r❡❡ ❛t e✳ ❚❤❡ ❛❞✈❛♥t❛❣❡
♦❢ t❤❡ ♣r❡❞✐❝❛t❡s ≃E ❛♥❞ ≁α ✐s t❤❛t t❤❡② ❛❧❧♦✇ ✉s t♦ ❡①♣r❡ss ♣r♦♣❡rt✐❡s ♦❢
❛rr❛②s ✇✐t❤♦✉t ❤❛✈✐♥❣ t♦ r❡❢❡r ❡①♣❧✐❝✐t❧② t♦ t❤❡ s②♠❜♦❧s ❞❡♥♦t✐♥❣ ❡❧❡♠❡♥ts ♦❢
t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡s❡ ❛rr❛②s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s②♠❜♦❧ ≃E ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡♥❝♦❞❡
st♦r❡ ♦♣❡r❛t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❡✈❡r② ❛t♦♠ ♦❢ t❤❡ ❢♦r♠ st♦r❡(t, u, v) ≃ s ❝❛♥
❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❝♦♥❥✉♥❝t✐♦♥ s❡❧❡❝t(s, u) ≃ v ∧ t ≃{u} s✱ st❛t✐♥❣ t❤❡ ❢❛❝t t❤❛t
s ❝♦♥t❛✐♥s v ❛t u ❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ t ❛t ❛❧❧ ♦t❤❡r ❡❧❡♠❡♥ts✳ ❚❤❛♥❦s t♦ t❤✐s
tr❛♥s❢♦r♠❛t✐♦♥ ✭✇❤✐❝❤ ♦❜✈✐♦✉s❧② ♣r❡s❡r✈❡s s❛t✐s✜❛❜✐❧✐t②✮ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡
❝♦♥s✐❞❡r❡❞ A✲❢♦r♠✉❧❛ ❝♦♥t❛✐♥s ♥♦ ✐♥st❛♥❝❡ ♦❢ st♦r❡✳ ❋✐♥❛❧❧②✱ ✇❡ ❛❞❞ ♥❡✇ ❝♦♥st❛♥ts
❞❡♥♦t✐♥❣ ❛❧❧ t❡r♠s s❡❧❡❝t(t, u) ∈ T (n)✱ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ❛①✐♦♠s✱ s♦ t❤❛t t❤❡ ✐♥❞❡①
♦❢ t❤❡ ❝♦♥st❛♥t ❞❡♥♦t✐♥❣ ❛ t❡r♠ s❡❧❡❝t(t, u) ✐s t❤❡ ♠❛①✐♠❛❧ ✐♥❞❡① ✐♥ t, u ✭♥♦t❡
t❤❛t t❤❡s❡ s♣❡❝✐❛❧ ❝♦♥st❛♥ts ❞♦ ♥♦t t❤❡♠s❡❧✈❡s ♦❝❝✉r ✐♥ T (n)✮✳
❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ❢♦r♠❛❧❧② ❞❡s❝r✐❜❡ t❤❡ ✐♥❢❡r❡♥❝❡ r✉❧❡s ❞❡✜♥✐♥❣ t❤❡
♣r♦♦❢ ♣r♦❝❡❞✉r❡✳
Pr♦♣♦s✐t✐♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥ ❘✉❧❡s ❚❤❡ r✉❧❡s ✭∧✲❉✮✱ ✭∨✲❉✮ ❛♥❞ (⊥) ❛r❡
t❤❡ ✉s✉❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ r✉❧❡s ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ t❛❜❧❡❛✉①✳ ❖t❤❡r ❞❡❝♦♠♣♦s✐t✐♦♥
r✉❧❡s ✭s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ ❬✷❪✮ ❛r❡ ❛❞❞❡❞ t♦ ❤❛♥❞❧❡ ✐t❡r❛t❡❞ ❝♦♥♥❡❝t✐✈❡s✳
✭∧✲❉✮
φ ∧ ψ
φ, ψ
✭∨✲❉✮
φ ∨ ψ
φ | ψ
✭⊥✮
φ,¬φ
⊥
✭
∧
✲❉✮
∨n+1
i=0 φ∨n
i=0 φ | φ{i 7→ n+ 1}
✭
∨
✲❉✮
∧n+1
i=0 φ
φ{i 7→ n+ 1},
∧n
i=0 φ
❊q✉❛❧✐t② ❘✉❧❡s ❚❤❡ ♥❡①t r✉❧❡s ❡♥❝♦❞❡ t❤❡ ✉s✉❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡q✉❛❧✐t② ♣r❡❞✲
✐❝❛t❡✳ ❚❤❡ r✉❧❡ (❙) ❡♥❝♦❞❡s t❤❡ s✉❜st✐t✉t✐✈✐t② ♣r♦♣❡rt②✱ (≃E✲❘1) ❛♥❞ (≃E✲❘2)
❡♥❝♦❞❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r❡❞✐❝❛t❡ ≃E ✱ ✇❤❡r❡❛s (P) ❛❧❧♦✇s ♦♥❡ t♦ r❡♣❧❛❝❡ ❛
t❡r♠ ❜② ❛♥ ❡q✉❛❧ ❝♦♥st❛♥t ♦r ✐♥❞❡①❡❞ ❝♦♥st❛♥t✳ ❋✐♥❛❧❧②✱ (❘❡❢) ✐s ❛ ❝❧♦s✉r❡ r✉❧❡
❡♥❝♦❞✐♥❣ r❡✢❡①✐✈✐t② ❛♥❞ (❈) ❡♥❝♦❞❡s t❤❡ ❢❛❝t t❤❛t ✐♥t❡r♣r❡t❛t✐♦♥s ❛r❡ ❝♦♥t✐❣✉♦✉s✳
❚♦ t❤✐s ♣✉r♣♦s❡✱ ✐t s✉✣❝❡s t♦ ❝❤❡❝❦ t❤❛t ❛❧❧ ❝♦♥st❛♥ts ♦❢ t❤❡ ❢♦r♠ uβ+2 ♦❝❝✉r
❡✐t❤❡r ✐♥ Σ[β + 1] ♦r ✐♥ θ(β + 2)✳
(❙)
s❡❧❡❝t(t, u) ≃ w, s❡❧❡❝t(s, v) ≃ w′
t 6≃ s | u 6≃ v | w ≃ w′
(P)
u ≃ u′, φ[u]
φ[u′]
✐❢ δ(u′) = 1
❛♥❞ ❡✐t❤❡r u′ ∈ T (n) ♦r u ❞♦❡s ♥♦t ♦❝❝✉r ✐♥ t❤❡ s❝♦♣❡ ♦❢ s❡❧❡❝t ♦r ≃E ✐♥ φ✳
(≃E✲❘2)
u ≃E v, u
′ ≃E′ w
u 6≃ u′ | v ≃E∪E′ w
(≃E✲❘1)
t ≃E s, s❡❧❡❝t(t
′, u) ≃ v
u ∈ E | t 6≃ t′ | s❡❧❡❝t(s, u) ≃ v
(❘❡❢)
u 6≃ u
⊥
(❈) uβ+2 ∈ E | uβ+2 ∈ θ(β + 2)
✇❤❡r❡ E ✐s t❤❡ s❡t ♦❢ t❡r♠s ✐♥ Σ[β + 1] t❤❛t ❛r❡ ♦❢ t❤❡ s❛♠❡ s♦rt ❛s uβ+2✳
∼✲❘✉❧❡s ❚❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ❤❛♥❞❧❡ t❤❡ ♣r❡❞✐❝❛t❡ ≁α✳ ❚❤❡ ✜rst ♦♥❡ ❡♥❝♦❞❡s
❛ ❢♦r♠ ♦❢ tr❛♥s✐t✐✈✐t② ♦♥ ≁α ❛♥❞ ≃E ✳ ■♥❞❡❡❞✱ ✐❢ u ≁α v ❛♥❞ w ≃E u ❤♦❧❞✱ ❢♦r s♦♠❡
s❡t ♦❢ ❡❧❡♠❡♥ts E ✇❤♦s❡ ✐♥❞✐❝❡s ❛r❡ ❧♦✇❡r ♦r ❡q✉❛❧ t♦ α✱ t❤❡♥ ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡
w ≁α v✳ ■♥❞❡❡❞✱ ❜② ❞❡✜♥✐t✐♦♥✱ u ≁α v ❤♦❧❞s ✐❢ s❡❧❡❝t(u, e) 6= s❡❧❡❝t(v, e) ❢♦r s♦♠❡
❡❧❡♠❡♥t e ❞✐st✐♥❝t ❢r♦♠ ❡✈❡r② ♥♦♥✲✐♥❞❡①❡❞ t❡r♠ ❛♥❞ ❢r♦♠ ❡✈❡r② t❡r♠ ✐♥❞❡①❡❞
❜② ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r t❤❛t ✐s ❧♦✇❡r ♦r ❡q✉❛❧ t♦ α✳ ❇✉t s✉❝❤ ❛♥ ❡❧❡♠❡♥t e ❝❛♥♥♦t
♦❝❝✉r ✐♥ E✱ t❤✉s w ❝♦✐♥❝✐❞❡s ✇✐t❤ u ❛t e✱ ❛♥❞ w ≁α v ♥❡❝❡ss❛r✐❧② ❤♦❧❞s✳
(∼✲❊)
u ≁α v, w ≃E u
′
u 6≃ u′ | w ≁α v
✐❢ α ✐s ♠❛①✐♠❛❧ ✐♥ t❤❡ ♥♦❞❡✱ E ✐s ❛ ✜♥✐t❡ s❡t✳
❚❤❡ ♥❡①t r✉❧❡ ❛❧❧♦✇s ♦♥❡ t♦ ❞❡r✐✈❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❢♦r♠ t ≁α−1 s✳ ❙✉❝❤
❛♥ ❡①♣r❡ss✐♦♥ ✐s ❞❡r✐✈❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t e s✉❝❤ t❤❛t s❡❧❡❝t(t, e) 6=
s❡❧❡❝t(s, e) ❛♥❞ ✐❢ t❤✐s ❡❧❡♠❡♥t ✐s ❞✐st✐♥❝t ❢r♦♠ ❡✈❡r② ♥♦♥✲✐♥❞❡①❡❞ t❡r♠ ❛♥❞ ❢r♦♠
❡✈❡r② t❡r♠ ✐♥❞❡①❡❞ ❜② ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r t❤❛t ✐s str✐❝t❧② ❧♦✇❡r t❤❛♥ α✳ ❚❤❛♥❦s t♦
t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥t✐❣✉♦✉s✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦
t❡st t❤❛t e ✐s ❞✐st✐♥❝t ❢r♦♠ ❛❧❧ ❝♦♥st❛♥ts ♦❢ t❤❡ s❛♠❡ s♦rt ♦❢ e t❤❛t ❛r❡ ♥♦♥✲✐♥❞❡①❡❞
♦r ✐♥❞❡①❡❞ ❜② α− 1✳
(∼✲■)
s❡❧❡❝t(t, uα) ≃ v, s❡❧❡❝t(s, w) ≃ w
′
uα ∈ E | uα 6≃ w | v ≃ w
′ | t ≁α−1 s, uα ≃ w, v 6≃ w
′
✇❤❡r❡ E ✐s t❤❡ s❡t ♦❢ t❡r♠s ✐♥ Σ[α− 1] t❤❛t ❛r❡ ♦❢ t❤❡ s❛♠❡ s♦rt ❛s uα✳
❚❤❡ ♥❡①t r✉❧❡ ✐♥ t❤✐s s❡❝t✐♦♥ ❛❧❧♦✇s ♦♥❡ t♦ ✐♥tr♦❞✉❝❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❢♦r♠
θ(α)✳ ❚❤✐s ✐s ❞♦♥❡ ❜② r❡♣❧❛❝✐♥❣ ❛ ❝♦♥st❛♥t u ♦❝❝✉rr✐♥❣ ✐♥ ❛ s❡t E ❜② θ(α)✱ ✐❢ u
♦❝❝✉rs ✐♥ θ(α)✳ ❚❤✐s ❧❛st ❝♦♥❞✐t✐♦♥ ✐s t❡st❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s
r✉❧❡✱ ❜② ✈❡r✐❢②✐♥❣ t❤❛t uα ✐s ❞✐st✐♥❝t ❢r♦♠ ❛❧❧ ❝♦♥st❛♥ts t❤❛t ❛r❡ ♥♦♥✲✐♥❞❡①❡❞ ♦r
✐♥❞❡①❡❞ ❜② α− 1✳
θ✲I
t ≃E∪{uα} s
uα ∈ E
′ | t ≃E∪θ(α) s
✇❤❡r❡ E′ ✐s t❤❡ s❡t ♦❢ t❡r♠s ✐♥ Σ[α− 1] t❤❛t ❛r❡ ♦❢ t❤❡ s❛♠❡ s♦rt ❛s uα✳
❚❤❡ ❧❛st r✉❧❡s ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ❡①♣r❡ss str❛✐❣❤t❢♦r✇❛r❞ ♣r♦♣❡rt✐❡s ♦❢ ≁α✿
(≁✲■)
t ≁α+1 s
t ≁α s
(∼✲⊥)
t ≁α t
⊥
✭∼✲❉✮ t ≁β s | t ∼β s (∼✲T )
t ≁β s
s′ ≁β t | s
′
≁β s
✐❢ β ✐s t❤❡ ♠❛①✐♠❛❧ ✐♥❞❡① ✐♥ t❤❡ ♥♦❞❡✱ t, s, s′ ❛r❡ ♥♦♥✲✐♥❞❡①❡❞ ❝♦♥st❛♥ts ♦r ❝♦♥✲
st❛♥ts ✐♥❞❡①❡❞ ❜② ❛♥ ❡①♣r❡ss✐♦♥ ❧♦✇❡r ♦r ❡q✉❛❧ t♦ β✳
∈✲❘✉❧❡s ❚❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ❡♥❝♦❞❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ∈ ❛♥❞ ♦❢ t❤❡ s❡ts θ(α)✳
∈✲E1
u ∈ E ∪ {v}
u ∈ E | u ≃ v
∈✲E2
u ∈ ∅
⊥
∈✲E3
u ∈ θ(0)∧
v∈E′ u 6≃ v
∈✲E4
u ∈ θ(β + 1)∧
v∈E′′ u 6≃ v, u ∈ θ(β)
✐❢ E′ ❛♥❞ E′′ ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ t❡r♠s ✐♥ Σ⊥ ❛♥❞ Σ[β] t❤❛t ❛r❡ ♦❢ t❤❡ s❛♠❡
s♦rt ❛s u✳
■♥❞✉❝t✐♦♥ ❘✉❧❡ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡ ✐♥st❛♥t✐❛t❡s t❤❡ ♣❛r❛♠❡t❡r n ❜② ❝♦♥s✐❞❡r✐♥❣
t❤❡ t✇♦ ❝❛s❡s✿ n = 0 ❛♥❞ n > 0✳ ❚❤❡ ❧❛t❡r ❝❛s❡ ✐s ❤❛♥❞❧❡❞ ❜② r❡♣❧❛❝✐♥❣ n ❜② n+1✳
(■♥❞)
Φ
Φ[0/n] ⑤ Φ{n 7→ n+ 1}
✇❤❡r❡ Φ[0/n] ❞❡♥♦t❡s t❤❡ s❡t ♦❢ A✲❢♦r♠✉❧æ ♦❜t❛✐♥❡❞ ❢r♦♠ Φ ❜② r❡♣❧❛❝✐♥❣ n ❜② 0✱
❛♥❞ ❜② r❡♣❧❛❝✐♥❣ ❛❧❧ ✐t❡r❛t✐♦♥s Π0i=0φ ✭✇✐t❤ Π ∈ {
∧
,
∨
}✮ ❜② φ{i 7→ 0}✳
▲♦♦♣ ❉❡t❡❝t✐♦♥ ❚❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ❛✐♠ ❛t ♣r❡✈❡♥t✐♥❣ ❞✐✈❡r❣❡♥❝❡✱ ❛s
❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳ ❚❤❡ ✜rst ♦♥❡ s✐♠♣❧② ❞❡❧❡t❡s ❢r♦♠ ❛ ❣✐✈❡♥ ♥♦❞❡ ❛❧❧ t❤❡
A✲❢♦r♠✉❧æ ❝♦♥t❛✐♥✐♥❣ ❛ ♠❛①✐♠❛❧ ✐♥❞❡① α ✭t❤❡ r✉❧❡ ❛♣♣❧✐❡s ✇✐t❤ α = n+2✱ ❜✉t ❛❧s♦
✇✐t❤ α = 0, 1 ❛❢t❡r n ❤❛s ❜❡❡♥ ✐♥st❛♥t✐❛t❡❞✮✳ ❖❢ ❝♦✉rs❡✱ t❤❡ r✉❧❡ ❞♦❡s ♥♦t ♣r❡s❡r✈❡
s❛t✐s✜❛❜✐❧✐t② ✐♥ ❣❡♥❡r❛❧✱ ❜✉t ✐t ♣r❡s❡r✈❡s s❛t✐s✜❛❜✐❧✐t② ✐❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♥♦❞❡ ✐s
✐rr❡❞✉❝✐❜❧❡ ❜② ❛❧❧ t❤❡ ♣r❡✈✐♦✉s r✉❧❡s✱ ❡①❝❡♣t (■♥❞)✳ ❚❤❡ ✐♥t✉✐t✐✈❡ ❥✉st✐✜❝❛t✐♦♥ ✐s
t❤❛t t❤❡s❡ r✉❧❡s ❡①tr❛❝t ❛❧❧ t❤❡ r❡❧❡✈❛♥t ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ❢♦r♠✉❧æ ❛♥❞ ❡①♣r❡ss
✐t ✉s✐♥❣ ♦♥❧② s②♠❜♦❧s ✐♥❞❡①❡❞ ❜② ❡①♣r❡ss✐♦♥s t❤❛t ❛r❡ str✐❝t❧② s♠❛❧❧❡r t❤❛♥ α✳
❋♦r ❡✈❡r② s❡t ♦❢ A✲❢♦r♠✉❧æ ❛♥❞ ❢♦r ❡✈❡r② ❛r✐t❤♠❡t✐❝ ❡①♣r❡ss✐♦♥ α✱ ✇❡ ❞❡♥♦t❡
❜② 〈S〉α t❤❡ s❡t ♦❢A✲❢♦r♠✉❧æ ♦❜t❛✐♥❡❞ ❢r♦♠ S ❜② r❡♠♦✈✐♥❣ ❛❧❧ ❢♦r♠✉❧æ ❝♦♥t❛✐♥✐♥❣
❛♥ ✐♥❞❡① ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦ α✳
(❲)
S
〈S〉α
✐❢ α ✐s t❤❡ ♠❛①✐♠❛❧ ✐♥❞❡① ❡①♣r❡ss✐♦♥ ✐♥ S ❛♥❞ ❡✐t❤❡r α = n+ 2 ♦r α ∈ N ❛♥❞ S
❝♦♥t❛✐♥s ♥♦ ♦❝❝✉rr❡♥❝❡ ♦❢ n✳
◆♦t❡ t❤❛t ✐♥ ❝♦♥tr❛st t♦ t❤❡ ♦t❤❡r r✉❧❡s✱ S ❛♥❞ 〈S〉α ❞❡♥♦t❡ t❤❡ ❧❛❜❡❧s ♦❢ t❤❡
♣❛r❡♥t ❛♥❞ ❝❤✐❧❞ ♥♦❞❡s ✭♥♦t s✉❜s❡ts ♦❢ t❤❡s❡ ❧❛❜❡❧s✮✳ ❋✐♥❛❧❧②✱ t❤❡ r✉❧❡ (▲) ❝❧♦s❡s
❛ ♥♦❞❡ t❤❛t ✐s s✉❜s✉♠❡❞ ❜② ❛♥♦t❤❡r ♥♦❞❡ ✐♥ t❤❡ ♣r♦♦❢ tr❡❡✿
(▲)
S
⊥
✐❢ t❤❡r❡ ❡①✐sts ❛ ♥♦❞❡ N ′ ✐♥ t❤❡ t❛❜❧❡❛✉✱ ❞✐st✐♥❝t ❢r♦♠ t❤❡ ❝✉rr❡♥t ♦♥❡ ❧❛❜❡❧❡❞ ❜②
❛ s❡t ♦❢ ❢♦r♠✉❧æ S′ s✉❝❤ t❤❛t S′ ⊆ S ❛♥❞ ❡✐t❤❡r N ′ ✐s ❛ ❧❡❛❢ ♦r N ′ ♦❝❝✉rs ✐♥ t❤❡
s❛♠❡ ❜r❛♥❝❤ ❛s t❤❡ ❝✉rr❡♥t ♥♦❞❡
❚❤❡ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❈❛❧❝✉❧✉s ❲❡ ❞❡♥♦t❡ ❜② ❙t❛❜❆rr❛② t❤❡ ♣r♦❝❡❞✉r❡
❞❡✜♥❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ✐♥❢❡r❡♥❝❡ r✉❧❡s✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r✉❧❡s ❛r❡ ❛♣♣❧✐❡❞
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ str❛t❡❣②✳ ❚❤❡ r✉❧❡s (▲), (❲) ❛♥❞ (■♥❞) ❛r❡ ❛♣♣❧✐❡❞ ✇✐t❤ ❛
str✐❝t❧② ❧♦✇❡r ♣r✐♦r✐t② t❤❛♥ t❤❡ ♦t❤❡r r✉❧❡s✳ ❚❤❡ r✉❧❡ (▲) ✐s ❛♣♣❧✐❡❞ ♦♥❧② ✐❢ (❲)
❞♦❡s ♥♦t ❛♣♣❧②✱ ❛♥❞ (■♥❞) ❛♣♣❧✐❡s ✇❤❡♥ ♥♦ ♦t❤❡r r✉❧❡ ❛♣♣❧✐❡s✳
❚❤❡♦r❡♠ ✼✳ ❚❤❡ ❝❛❧❝✉❧✉s ❙t❛❜❆rr❛② ✐s✿
✕ t❡r♠✐♥❛t✐♥❣✿ ❡✈❡r② t❛❜❧❡❛✉ ✐s ✜♥✐t❡❀
✕ ❝♦♠♣❧❡t❡ ✭✇✳r✳t✳ t❤❡ ❝❧❛ss ♦❢ ❝♦♥t✐❣✉♦✉s ✐♥t❡r♣r❡t❛t✐♦♥s✮✿ ❡✈❡r② ✐rr❡❞✉❝✐❜❧❡
♦♣❡♥ ♥♦❞❡ ❤❛s ❛ ❝♦♥t✐❣✉♦✉s ♠♦❞❡❧❀
✕ s♦✉♥❞ ✭✇✳r✳t✳ t❤❡ ❝❧❛ss ♦❢ ❝♦♥t✐❣✉♦✉s ✐♥t❡r♣r❡t❛t✐♦♥s✮✿ ❛♥ A✲❢♦r♠✉❧❛ ❛❞♠✐t✲
t✐♥❣ ❛ ❝❧♦s❡❞ t❛❜❧❡❛✉ ❤❛s ♥♦ ❝♦♥t✐❣✉♦✉s ♠♦❞❡❧✳
❚❤❡ ♥✉♠❜❡r ♦❢ A✲❢♦r♠✉❧æ ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ t❛❜❧❡❛✉ ✐s ❛t ♠♦st ❡①♣♦♥❡♥t✐❛❧✺
✇✳r✳t✳ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❢♦r♠✉❧❛✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡
❝♦♠♣❧❡①✐t② ♦❢ ❙t❛❜❆rr❛② ✐s ❛t ♠♦st ❞♦✉❜❧② ❡①♣♦♥❡♥t✐❛❧ ✭s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢
♥♦❞❡s ✐♥ t❤❡ t❛❜❧❡❛✉ ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ s❡ts ♦❢ ❢♦r♠✉❧æ✮✳
✺ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ❜❧♦✇✲✉♣ st❡♠s ❢r♦♠ t❤❡ ❛t♦♠s ♦❢ t❤❡ ❢♦r♠ ≃E ✱ ✇❤❡r❡ E ✐s ❛ s❡t ♦❢
t❡r♠s ♦❢ ❛r❜✐tr❛r② ❝❛r❞✐♥❛❧✐t②✳
❊①❛♠♣❧❡ ✽✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ A✲❢♦r♠✉❧æ✿ {s❡❧❡❝t(tn+1, un+1) ≃
v, s❡❧❡❝t(s, un+1) ≃ w, v 6≃ w, un+1 6≃ un, t0 ≃ s,
∧n
i=0
ti ≃{ui} ti+1}✳ ◆♦t❡ t❤❛t t❤✐s s❡t
❤❛s ♥♦ ❝♦♥t✐❣✉♦✉s ♠♦❞❡❧✿ s✐♥❝❡ un+1 6≃ un✱ un+1 ♠✉st ❜❡ ❞✐st✐♥❝t ❢r♦♠ un, un−1, . . . , u0✱
❛♥❞ t❤✉s tn+1 ♥❡❝❡ss❛r✐❧② ❝♦✐♥❝✐❞❡s ✇✐t❤ t0 ✭❤❡♥❝❡ ✇✐t❤ s✮ ♦♥ un+1✳ ❲❡ ✜rst ❛♣♣❧② t❤❡
r✉❧❡ (❙) ♦♥ t❤❡ ✜rst t✇♦ ❢♦r♠✉❧æ✱ ②✐❡❧❞✐♥❣ t❤❡ ❜r❛♥❝❤❡s tn+1 6≃ s✱ un+1 6≃ un+1 ❛♥❞
v ≃ w✳ ❚❤❡ ❧❛st t✇♦ ❜r❛♥❝❤❡s ❝❛♥ ❜❡ ❝❧♦s❡❞ ✐♠♠❡❞✐❛t❡❧② ❜② ❛♣♣❧②✐♥❣ t❤❡ r✉❧❡s (❘❡❢)
❛♥❞ (⊥)✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ t❤❡ r✉❧❡ (∼✲■) ❛♣♣❧✐❡s✱ ②✐❡❧❞✐♥❣ t❤❡ t✇♦ ❜r❛♥❝❤❡s✿ un+1 ∈ E
✭✇❤❡r❡ E ✐s t❤❡ s❡t ♦❢ t❡r♠s ✐♥ Σ[n] ♦❢ t❤❡ s❛♠❡ s♦rt ❛s un+1✮ ❛♥❞ tn+1 ≁n s ✭t❤❡
♦t❤❡r ❜r❛♥❝❤❡s ❝❛♥ ❜❡ ❝❧♦s❡❞ ✐♠♠❡❞✐❛t❡❧②✮✳ ❲❡ ❤❛✈❡ E = {un}✱ t❤✉s t❤❡ r✉❧❡ ∈✲E1
❛♣♣❧✐❡s ♦♥ t❤❡ ✜rst ❜r❛♥❝❤✱ ②✐❡❧❞✐♥❣ un+1 ≃ un✱ ❛♥❞ t❤❡ ❜r❛♥❝❤ ❝❛♥ ❜❡ ❝❧♦s❡❞ ❞✉❡ t♦
t❤❡ ❢♦r♠✉❧❛ un+1 6≃ un✳ ■♥ t❤❡ s❡❝♦♥❞ ❜r❛♥❝❤✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ r✉❧❡ (■♥❞)✳ ■♥ t❤❡ ❜❛s❡
❝❛s❡✱ ✇❡ ❣❡t t1 ≁0 s ❛♥❞ t0 ≃{u0} t1✱ ❤❡♥❝❡ ❜② (P)✱ s ≃{u0} t1✳ ❚❤❡♥ t❤❡ r✉❧❡ (∼✲❊)
❞❡r✐✈❡s s ≁0 s ❛♥❞ t❤❡ ❜r❛♥❝❤ ✐s ❝❧♦s❡❞ ❜② (∼✲⊥)✳ ■♥ t❤❡ ✐♥❞✉❝t✐✈❡ ❝❛s❡✱ n ✐s r❡♣❧❛❝❡❞ ❜②
n + 1✱ ❛♥❞ t❤❡ ❢♦r♠✉❧❛ tn+1 ≃{un+1} tn+2 ✐s ❞❡r✐✈❡❞ ❜② ✭
∨
✲❉✮✳ ❇② (≃E✲❘1)✱ ✇❡ ❞❡r✐✈❡
s❡❧❡❝t(tn+1, un+2) ≃ v ❛♥❞ t❤✉s tn+1 ≁n+1 s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♥♦❞❡✳
❚❤❡♥ t❤❡ r✉❧❡ (❲) ❛♣♣❧✐❡s ❛♥❞ r❡♠♦✈❡s ❛❧❧ ❢♦r♠✉❧æ ❝♦♥t❛✐♥✐♥❣ n + 2✳ ❲❡ ❣❡t t❤❡ s❡t
♦❢ ❢♦r♠✉❧æ✿ {tn+1 ≁n+1 s, v 6≃ w, t0 ≃ s,
∧n
i=0
ti ≃{ui} ti+1}(⋆)✳ ❲❡ ❛♣♣❧② ❛❣❛✐♥ t❤❡
r✉❧❡ (■♥❞)✳ ❚❤❡ ❜❛s❡ ❝❛s❡ ❝❛♥ ❜❡ ❝❧♦s❡❞ ✐♠♠❡❞✐❛t❡❧② ❛s ❜❡❢♦r❡✳ ■♥ t❤❡ ✐♥❞✉❝t✐✈❡ ❝❛s❡✱
✇❡ ❞❡r✐✈❡ t❤❡ ❢♦r♠✉❧æ tn+2 ≁n+2 s✱ tn+1 ≃{un+1} tn+2✱ ❤❡♥❝❡ ❜② (∼✲❊) ❛♥❞ (≁✲■) ✇❡
❣❡t tn+1 ≁n+2 s ❛♥❞ tn+1 ≁n+1 s✳ ❚❤❡♥ t❤❡ r✉❧❡ (❲) ❛♣♣❧✐❡s ❛❣❛✐♥✱ ②✐❡❧❞✐♥❣ ❛ s❡t ♦❢
❢♦r♠✉❧æ t❤❛t ✐s ✐❞❡♥t✐❝❛❧ t♦ (⋆)✳ ❚❤✉s t❤❡ r✉❧❡ (▲) ❛♣♣❧✐❡s✱ ❝❧♦s✐♥❣ t❤❡ ✇❤♦❧❡ t❛❜❧❡❛✉
✭♥♦t❡ t❤❛t s♦♠❡ ✐rr❡❧❡✈❛♥t r✉❧❡ ❛♣♣❧✐❝❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♦♠✐tt❡❞ ❢♦r r❡❛❞❛❜✐❧✐t②✮✳
✺ ❆♣♣❧✐❝❛t✐♦♥s
❲❡ ♣r♦✈✐❞❡ s♦♠❡ s✐♠♣❧❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♣r♦❝❡❞✉r❡✳ ❚❤❡ ♣r♦❣r❛♠
✐♥ ♣s❡✉❞♦✲❝♦❞❡ ❜❡❧♦✇ ❝♦♣✐❡s ✐♥ ❛♥ ❛rr❛② B ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❝❝✉rr✐♥❣ ✐♥ ❛♥ ❛rr❛②
A ❛♥❞ s❛t✐s❢②✐♥❣ s♦♠❡ ♣r♦♣❡rt② p✳
i← 0
j← 0
✇❤✐❧❡ i ≤ n ❞♦
✐❢ p(A[i]) t❤❡♥
B[j]← A[i]
j← j+ 1
❡♥❞ ✐❢
i← i+ 1
❡♥❞ ✇❤✐❧❡
❚❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ♣r♦❣r❛♠ ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ A✲❢♦r♠✉❧❛✳ ❚❤❡
♣❛r❛♠❡t❡r n ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❛♥❞ i ✐s t❤❡ ✐t❡r❛t✐♦♥ r❛♥❦✳ ❚❤❡
✐♥❞❡①❡❞ ❝♦♥st❛♥ts Bi ❛♥❞ ji ❞❡♥♦t❡ t❤❡ ✈❛❧✉❡ ♦❢ B ❛♥❞ j ❛t t✐♠❡ i✳ ◆♦t❡ t❤❛t
s✐♥❝❡ A ✐s ♥♦t ❛✛❡❝t❡❞ ❛♥❞ s✐♥❝❡ ✐t ✐s ❛❧✇❛②s ✐♥❞❡①❡❞ ❜② i✱ ✐t ✐s s✐♠♣❧❡r t♦ ❡♥❝♦❞❡
✐t ❛s ❛♥ ✐♥❞❡①❡❞ ❝♦♥st❛♥t r❛t❤❡r t❤❛♥ ❛s ❛♥ ❛rr❛②✳
j0 ≃ 0∧n
i=0(¬p(Ai) ≃ tr✉❡ ∨ (Bi+1 ≃ st♦r❡(Bi, ji, Ai) ∧ ji+1 ≃ s❡❧❡❝t(succ, ji)))∧n
i=0(p(Ai) ≃ tr✉❡ ∨ (Bi+1 ≃ Bi ∧ ji+1 ≃ ji))
❚❤❡ s②♠❜♦❧ succ ❞❡♥♦t❡s t❤❡ s✉❝❝❡ss♦r ❢✉♥❝t✐♦♥ ✭succ(x) ✐s ✇r✐tt❡♥ s❡❧❡❝t(succ, x)
❜❡❝❛✉s❡ ❛❧❧ ❢✉♥❝t✐♦♥s ❛r❡ ❡♥❝♦❞❡❞ ❛s ❛rr❛②s ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✮✳ ❇② ✉s✐♥❣ ❛
str❛✐❣❤t❢♦r✇❛r❞ t②♣✐♥❣ ❛❧❣♦r✐t❤♠✱ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t A,B ❛♥❞ j ❛r❡ ♦❢ s♦rts
nat→ s✱ nat→ s′ → s ❛♥❞ nat→ s′✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝♦♥st❛♥ts tr✉❡✱ 0✱ succ
❛♥❞ p ❛r❡ ♦❢ s♦rt bool✱ s′✱ s′ → s′ ❛♥❞ s → bool✱ r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s ❝❧❡❛r t❤❛t
t❤❡ s♦rt s ✐s ♥♦♥✲❝②❝❧✐❝✳ ❚❤❡ s♦rt s′ ✐s ❝②❝❧✐❝✱ ❤♦✇❡✈❡r✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t
✐ts ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ♥❡❝❡ss❛r✐❧② ❝♦♥t✐❣✉♦✉s✱ s✐♥❝❡ j ✐s t❤❡ ♦♥❧② ❝♦♥st❛♥t ♦❢ s♦rt
nat→ s′ ❛♥❞ s✐♥❝❡ ji+1 ✐s ❛❧✇❛②s ♦❜t❛✐♥❡❞ ❢r♦♠ ji ❜② ❛♣♣❧②✐♥❣ s♦♠❡ ✐♥❝r❡❛s✐♥❣
❢✉♥❝t✐♦♥ ✭t❤✉s jl ✐s ❡q✉❛❧ t♦ jk ❢♦r l > k ♦♥❧② ✐❢ jl = jl−1 = . . . = jk✮✳
❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ✉s❡ ❙t❛❜❆rr❛② t♦ ❝❤❡❝❦ t❤❛t ❛❧❧ t❤❡ ✈❛❧✉❡s st♦r❡❞ ✐♥
t❤❡ ✜♥❛❧ ❛rr❛② ✭❛t j1, . . . , jn✮ s❛t✐s✜❡s t❤❡ ♣r♦♣❡rt② p✳ ■t s✉✣❝❡s t♦ ❝❤❡❝❦ t❤❛t
t❤❡ ❢♦❧❧♦✇✐♥❣ A✲❢♦r♠✉❧❛✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❛①✐♦♠s✱ ✐s ✉♥s❛t✐s✜❛❜❧❡✿
C ≃ Bn+1 ∧
∨n
i=0 p(s❡❧❡❝t(C, ji)) 6≃ tr✉❡✳ ◆♦t❡ t❤❛t ✇❡ ❝❛♥♥♦t st❛t❡ ✐♥ ♦✉r
❧❛♥❣✉❛❣❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥✐t✐❛❧ ❛rr❛② s❛t✐s✜❡s t❤❡ ♣r♦♣❡rt② p ❛t ❛❧❧ ❝❡❧❧s✱ s✐♥❝❡
t❤❡ ❧♦❣✐❝ ❞♦❡s ♥♦t ❛❧❧♦✇ ✉♥✐✈❡rs❛❧ q✉❛♥t✐✜❝❛t✐♦♥✳
❈♦♥✈❡rs❡❧②✱ ✇❡ ❝❛♥ ❛❧s♦ ❝❤❡❝❦ t❤❛t ❛❧❧ ❡❧❡♠❡♥ts ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❛rr❛②
❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ♣r♦♣❡rt② p ♦❝❝✉r ✐♥ t❤❡ ✜♥❛❧ ❛rr❛②✿ C ≃ Bn+1 ∧
∨n
i=0(u ≃
Ai ∧ p(u) ≃ tr✉❡) ∧
∧n
i=0 s❡❧❡❝t(C, ji) 6≃ u
❲❡ ♣r♦✈✐❞❡ ❛♥♦t❤❡r s✐♠✐❧❛r ❡①❛♠♣❧❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❣r❛♠ ✐♥t❡r❧❡❛✈❡s ✐♥
t❤❡ s❛♠❡ ❛rr❛② C t❤❡ ❡❧❡♠❡♥ts ♦❝❝✉rr✐♥❣ ✐♥ t✇♦ ❛rr❛②s A ❛♥❞ B✳
j← 0
i← 0
✇❤✐❧❡ i ≤ n ❞♦
C[j]← A[i]
C[j+ 1]← B[i]
j← j+ 2
❡♥❞ ✇❤✐❧❡
❚❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❣r❛♠ ✐s ♠♦❞❡❧❡❞ ❛s ❢♦❧❧♦✇s✳
∧n
i=0(Ci+1 ≃ st♦r❡(st♦r❡(Ci, ji, Ai), s❡❧❡❝t(succ, ji), Bi))
j0 ≃ 0 ∧
∧n
i=0 ji+1 ≃ s❡❧❡❝t(succ, s❡❧❡❝t(succ, ji))
❲❡ ❝❛♥ ❝❤❡❝❦✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❛t ✐❢ t❤❡ ❛rr❛② A s❛t✐s✜❡s s♦♠❡ ♣r♦♣❡rt② p✱ t❤❡♥
❛❧❧ ♣❛✐rs ♦❢ ❝♦♥s❡❝✉t✐✈❡ ❝❡❧❧s ✐♥ t❤❡ ✜♥❛❧ ❛rr❛② ♥❡❝❡ss❛r✐❧② ❝♦♥t❛✐♥ ❛♥ ❡❧❡♠❡♥t
s❛t✐s❢②✐♥❣ p✿
D ≃ Cn+1 ∧
∨n
i=0(u ≃ ji ∨ u ≃ s❡❧❡❝t(succ, ji))∧
p(s❡❧❡❝t(D,u)) 6≃ tr✉❡ ∧ p(s❡❧❡❝t(D, s❡❧❡❝t(succ, u))) 6≃ tr✉❡∧n
i=0 p(Ai) ≃ tr✉❡
✻ ❈♦♥❝❧✉s✐♦♥
❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ✉♥❞❡❝✐❞❛❜❧❡ ❢♦r s❝❤❡♠❛t❛ ♦❢
❢♦r♠✉❧æ ✐♥t❡r♣r❡t❡❞ ✐♥ t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s✱ ❛♥❞ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ❛ r❡str✐❝t❡❞
❝❧❛ss ♦❢ ✐♥t❡r♣r❡t❛t✐♦♥s ✭❝❛❧❧❡❞ q✉❛s✐✲❝♦♥t✐❣✉♦✉s✮ ✐♥ ✇❤✐❝❤ s❛t✐s✜❛❜✐❧✐t② ❝❛♥ ❜❡
❞❡❝✐❞❡❞ ✐♥ ✜♥✐t❡ t✐♠❡ ✭✇✐t❤ ❛ ❞♦✉❜❧② ❡①♣♦♥❡♥t✐❛❧ ❝♦♠♣❧❡①✐t②✮✳ ❋✉t✉r❡ ✇♦r❦ ✐♥✲
❝❧✉❞❡s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♦✉r ❛♣♣r♦❛❝❤✳ ❋r♦♠ ❛ ♠♦r❡ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢
✈✐❡✇✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ♣r♦✈✐❞❡ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ❝♦♠♣❧❡①✐t② ♦❢
s❛t✐s✜❛❜✐❧✐t② t❡st✐♥❣ ❢♦r A✲❢♦r♠✉❧æ ✐♥ q✉❛s✐✲❝♦♥t✐❣✉♦✉s ✐♥t❡r♣r❡t❛t✐♦♥s ✭♦♥❧② ❛♥
✉♣♣❡r ❜♦✉♥❞ ✐s ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✮✳ ❲❡ s❤❛❧❧ ❛❧s♦ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r
t❤❡ ♣r❡s❡♥t❡❞ r❡s✉❧ts ❡①t❡♥❞ t♦ ♠♦r❡ ❡①♣r❡ss✐✈❡ t❤❡♦r✐❡s✱ ✐♥❝❧✉❞✐♥❣ ❢♦r ✐♥st❛♥❝❡
❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s ❛♥❞ Pr❡s❜✉r❣❡r ❛r✐t❤♠❡t✐❝✱ ♣♦ss✐❜❧② ❡♥✲
r✐❝❤❡❞ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❛①✐♦♠s ❛❧❧♦✇✐♥❣ t♦ ❡①♣r❡ss ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❛rr❛②s
✭❡✳❣✳✱ t♦ st❛t❡ t❤❛t ❛♥ ❛rr❛② ✐s s♦rt❡❞ ♦r ❝♦♥st❛♥t ♦♥ s♦♠❡ ✐♥t❡r✈❛❧✮✳ ❆s ❡✈✐❞❡♥❝❡❞
❜② t❤❡ ❡①❛♠♣❧❡s ✐♥ ❙❡❝t✐♦♥ ✺✱ s✉❝❤ ♣r♦♣❡rt✐❡s ❝❛♥ s♦♠❡t✐♠❡s ❜❡ ❡①♣r❡ss❡❞ ✐♥ ♦✉r
❧❛♥❣✉❛❣❡✱ ✉s✐♥❣ ✐t❡r❛t❡❞ ❝♦♥❥✉♥❝t✐♦♥s✱ ❜✉t t❤✐s ✐s ♣♦ss✐❜❧❡ ♦♥❧② ✐❢ t❤❡ ❝♦♥s✐❞❡r❡❞
✐♥t❡r✈❛❧ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢❛♠✐❧② ♦❢ ❝♦♥st❛♥ts✳ ❆❧❧♦✇✐♥❣ s♦♠❡ r❡str✐❝t❡❞ ❢♦r♠ ♦❢
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